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ABSTRACT
Sommer, Drew E. Ph.D., Purdue University, August 2018. Anisotropic Flow and
Fiber Orientation Analysis of Preimpregnated Platelet Molding Compounds. Major
Professor: R. Byron Pipes.
Process modeling of prepreg platelet molded composites (PPMC) is of interest for
enabling optimized design of PPMC structures. The platelet mesoscale and the part
scale are on the same order, which introduces several modeling challenges including
the treatment of variability. The ﬁber length and concentration results in anisotropic
rheological behavior during processing. Current commercial ﬂow simulation tools
do not include anisotropic constitutive models and utilize second order orientation
tensor methods for the ﬁber orientation which requires signiﬁcant interpretation to
inform a structural model. A ﬂow and ﬁber orientation model to predict the ﬁnal
orientation state in molded parts should treat the anisotropic behavior of the system
and output adequate mesostructural details with which a structural analysis can be
developed. Such a model is formulated and presented here with experimental validation. The platelets are modeled as a homogenized, incompressible, transversely
isotropic viscous medium whose orientation is deﬁned by three mutually orthogonal
unit vectors corresponding to the ﬁber, transverse, and platelet normal directions.
Individual orientation vectors are the state variables of the ﬂow simulation to avoid
the ambiguity associated with the second order orientation tensor. The constitutive
model was implemented in a commercially available ﬁnite element code. The numerical implementation was rigorously veriﬁed by applying canonical deformations
to a single ﬁnite element. A Lagrangian discretization scheme is the preferred modeling framework for the most natural treatment of the orientation state. The model
was validated for a series of ﬂow conditions and part geometries in coordination with
experimental data. CT based orientation measurements were used to validate the ori-
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entation state predictions while ﬂow front predictions were conﬁrmed by short shot
experiments. Finally, a methodology for processing and performance analysis was
presented in this work. Further enhancements may be readily developed within the
presented modeling framework.
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1. INTRODUCTION
The materials science paradigm is the relationship between processing, structure,
and properties (e.g. mechanical performance characteristics) of engineering materials. This is illustrated in Figure 1.1 for ﬁber reinforced composites. Short ﬁber
composites, typically with low concentrations, are readily processed for example by
injection molding and can be used to mold complex geometries at high rates. However, the mechanical performance of these materials is quite poor. On the other end
of the spectrum lies traditional, continuous ﬁber reinforced composites. The performance characteristics of this class of materials can be extremely good, however,
they are limited to use in relatively simple, thin walled geometries. Further, the time
and resources required to manufacture continuous ﬁber composite structures are substantial. Despite these challenges, the use of composites in commercial applications
ranging from sporting goods, automotive, and aerospace continues to grow. Fiberglass sheet molding compound (SMC) and stretch broken long ﬁber composites can
occupy the space between these two extremes. Still, there is a need for another intermediate class of materials to further bridge the processing and performance gap
between short ﬁber and continuous ﬁber composites. Prepreg platelet molded composites (PPMCs) have been designed to ﬁll this gap. PPMCs oﬀer good processing
characteristics that can meet the required manufacturing rates and geometrical complexities required for aerospace and automotive structures while providing adequate
structural performance. The ﬁber orientation state is a primary driver of mechanical
performance and is speciﬁed by the designer for continuous ﬁber systems. In molded
systems, the ﬁber orientation state is inﬂuenced by the ﬂow and cannot be readily
prescribed. Upcycling or recycling of UD prepreg tape is another possible application
for PPMCs [1].

Processability

Short Fiber Composite
(Melt Flow Oriented /
Injection molding)

Stiffness & Strength

Long Discontinuous Fiber Architectures
(Regular SMCs and Prepreg-Platelet
Molding Compounds with varying
degree of fiber alignment)

Performance

Ease of Processing

2

Continuous Fiber Systems

Fiber Volume Fraction
Fiber Length

Figure 1.1. Performance and processability of ﬁber reinforced composites (adapted from [2–5]).

1.1

Prepreg Platelet Molded Composites
Preimpregnated platelet molded composites or preimpregnated platelet molding

compounds (PPMCs) describes a relatively new class of materials composed of unidirectional prepreg that is cut and slit into platelets. The platelets are then treated
as a molding compound and may be in a loose form (thermoplastic matrix) or in a
mat form (thermosetting matrix). When in mat form, a PPMC can resemble a sheet
molding compound (SMC) in form and use. The process from the parent tape material to a molded bracket is illustrated in Figure 1.2. PPMC structures are compression
molded through the application of heat and pressure with two sided tooling and a hydraulic hot press. However, the use of carbon ﬁber reinforcement and aerospace grade
matrices render the PPMCs suitable for semi-structural applications. HexMC [6] is
the trade name for a commercially available thermoset PPMC from Hexcel. Xycomp
thermoplastic PPMC is available from Greene Tweed. An individual piece of cut
and slit UD tape is denoted platelet in this work. Platelets can also be called chips,
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strands, ﬂakes, or tows. Randomly oriented strand (ROS) composites [7], discontinuous ﬁber composite (DFC), chopped ﬁber/ chopped tape, unidirectionally arrayed
chopped strands (UACS) [8], and oriented composite strand board [1] are synonymous
designations for PPMCs found in the literature, although DFC is also more widely
applied to a variety of discontinuous ﬁber systems.

Parent UD tape material
reduction to platelets

compression
molding

PPMC bracket

Figure 1.2. Prepreg platelet molded composites (PPMC).

The discontinuous nature of the molding system improves the ease of processing
and allows for manufacture of complex geometries that cannot be otherwise con-
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structed using traditional continuous ﬁber composites processes. Yet, exceptional
mechanical performance and damage tolerance has been observed. To achieve the required manufacturing rates, fast curing epoxies or rapid heating and cooling systems
are required. Net shape geometries can be molded with HexMC which can be cured
in 3-8 minutes. The platelet length in HexMC is 50 mm which should be adequate to
provide eﬃcient stress transfer assuming the platelet thickness is a typical value for
aerospace grade UD prepreg [9]. Net shape molding is useful for minimized material
waste and can reduced post molding trimming and machining time. Still, molded in
features can be harmful if they are not well understood, which might drive towards
post cure machining processes.
Although PPMCs are still a developing technology, they have received focus from
several research groups. This work is primarily focused on the processing of PPMCs,
however, the structural performance has garnered the majority of the attention [10].
Still an overview of both the processing and performance aspects is presented here
since the analysis in this work was developed with the performance analysis in mind.
Thus, understanding of the performance of PPMCs is required to develop an appropriate ﬂow model that can be used in a full processing and performance workﬂow.
Perhaps the ﬁrst papers published on the mechanical performance of PPMCs were
from Feraboli and coworkers [11–15], in which a detailed experimental campaign was
pursued and the stochastic laminate analogy [16] was employed to analyze the mechanical response of PPMC tensile specimens. Large variability, non-uniform states
of strain, and notch insensitivity were some of the reported experimental ﬁndings [13].
Selezneva and colleagues [7] found length eﬀect on the composite strength, yet the
laminate model could not capture such eﬀects due to the simpliﬁcations of the modeling strategy that did not include the complex mesostructural details and 3D stress
transfer [17]. A model of the platelet to platelet stress transfer revealed the length
eﬀect on improving the composite strength [18]. Pimenta and Robinson [19] developed an analytic shear lag model [20] for composite brick and mortar architectures.
Kravchenko et al. [9] and Taketa et al. [21] reported that increasing platelet length
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improved the composite performance of a PPMC. Kravchenko et al. [9] developed
a shear lag and brick and mortar type model to investigate the platelet length effect on strength and reported a critical platelet length to thickness ratio to achieve
maximum composite strength. Beyond the critical length to thickness ratio, the composite strength could not be further increased. A review of the mechanical response
of PPMCs is provided by Viswesvaraiah et al. [10].
Two conclusions from the body or research surrounding the mechanical performance of PPMCs are as follows. First, the large scale of the platelets compared to
the part geometry necessitate the use of a detailed 3D model with suﬃcient knowledge
of the mesostructure and orientation state for a predictive analysis. Second, the lack
of scale separation is also responsible for the signiﬁcant variability observed for this
class of materials. Therefore, a useful ﬂow simulation must be developed considering
the required features of a predictive performance analysis.
Fiber orientation analysis of polymeric ﬁber suspensions is an old problem, but little work exists for PPMCs. The majority of existing research is for short ﬁber injection
molding materials or sheet molding compounds (SMCs). There are some similarities
between traditional SMCs and PPMCs, so related work on ﬂow of SMCs will also be
brieﬂy reviewed. Fiber orientation analysis began with Jeﬀery’s equation [22]. Folgar
and Tucker [23] introduced isotropic diﬀusion to the orientation evolution equation
thereby enabling widespread orientation modeling eﬀorts. Advani and Tucker [24]
presented orientation tensors for ﬁber orientation analysis which reduced the computational cost of molding simulations. Further improvements were developed including
anisotropic rotary diﬀusion [25] and reduced orientation kinetics [26]. The major improvements to modern orientation evolution models are phenomenological with no
physical basis. Still, the orientation analysis strategy developed over the past three
decades has produced much success in modeling short ﬁber composites. Some interesting developments that will not be discussed in detail here include interaction
tensors [27, 28] and nonlocal models [29].
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Complex rheological models have also been developed for engineering polymers to
describe both rate and temperature dependence such as the power-law ﬂuid, Carreau
ﬂuid [30], and Cross-WLF ﬂuid [31]. Recently, a yield stress has been investigated for
ﬁber suspensions [32,33], ﬁber bundles [34–36], and PPMCs [37]. Anisotropic rheological properties have been studied extensively but have yet to gain signiﬁcant traction
for general molding simulation applications. Notably, Batchelor [38] developed a solution for the eﬀective elongational viscosity of a dilute ﬁber suspension using a cell
model, ﬁnding the eﬀective viscosity to be proportional to the square of the ﬁber
aspect ratio. For ﬁbers of modest length, this can result in highly anisotropic ﬂuids
in which the elongational viscosity in the ﬁber direction is several orders of magnitude
larger than the other components [4]. Since prepreg platelet molded composites diﬀer
in form from well-dispersed ﬁber suspensions, a new theory was required to predict
the eﬀective anisotropic viscosities [3, 39].
An anisotropic constitutive model must depend on the orientation state. Several
works investigated ﬂow and ﬁber orientation coupling or anisotropic viscous constitutive models including [40–68]. For practical molding simulation applications including
anisotropy, the orientation state and ﬂow ﬁeld must be strongly coupled. Ericksen [41, 42] developed a constitutive model for a transversely isotropic ﬂuid (TIF).
Dinh and Armstrong [45] derived an equation for the extra stress contribution due
to the presence of ﬁbers and dependent on the orientation state. Rogers [46], Gibson [47], and Beaussart et al. [48] proposed anisotropic viscous constitutive equations
that were analogous to anisotropic elasticity. Tucker showed that anisotropy can
blunt the through thickness velocity proﬁle, which has been observed for long ﬁber
suspensions and SMCs [69, 70]. Lipscomb et al. [50] showed that the streamlines of a
4:1 contraction ﬂow can be changed drastically due to the presence of even a small
concentration of short ﬁbers because of the diﬃculty in stretching the ﬂuid in the
direction of the ﬁbers. VerWeyst and Tucker [59] determined that anisotropy was not
critical in injection molding applications in thin cavities. Altan [53] solved for the ﬂow
and ﬁber orientation of a ﬁber suspension in a channel ﬂow with anisotropy. Ericsson
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et al. [56] developed a simple analytic model to analyze the anisotropic behavior of
a long ﬁber suspension with preferential ﬁber alignment in squeeze ﬂow and showed
that coupling of the ﬂow and ﬁber orientation were required to predict the correct
ﬂow front geometry.
An early investigation into modeling of SMCs was performed by Lee et al. [71].
Dumont and coworkers studied the anisotropic viscous behavior of long ﬁber composites and SMCs during processing [62, 63, 72–74] including some nice modeling
eﬀorts. Dweib and O’Bradaigh [57] modeled the anisotropic behavior of glass mat
thermoplastics (GMT). Dweib et al. [75] showed the anisotropy of glass reinforced
thermoplastics in squeeze ﬂow. LeBlanc and colleagues [76, 77] studied compression
molding of PPMCs experimentally using a stiﬀened panel. Landry et al. [78] and
Levy and Hubert [79] studied void formation in PPMCs. Picher-Martel et al. [80]
modeled squeeze ﬂow behavior of PPMCs with a 2D computational model, but did
not consider anisotropy or the ﬁber orientation state. Later, PPMCs were modeled
as a non-Newtonian ﬂuid with an equivalent viscosity and a yield stress [37].

1.2

Project Scope and Summary
This work presents an analysis methodology for process modeling of PPMCs. A

new treatment of the problem is required and developed by combining several aspects
of ﬂow and orientation modeling previously investigated in the literature. A primary
motivation for this work is to develop a molding simulation that can be used to
inform a structural analysis. Further, predictive models are desired. Achieving this
goal signiﬁes a step towards design by analysis and virtual allowables for PPMCs.
The variability is also addressed. A coupled, anisotropic viscous constitutive model
was developed and implemented into a commercially available ﬁnite element code as
a user subroutine. Commercial ﬂow simulation tools were not used here for several
reasons discussed below.
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• Orientation state description: Commercial tools typically use second order orientation tensors and Jeﬀery based orientation evolution models. This
poses two problems. First, the second order orientation tensor does not deﬁne
a unique orientation state, but the orientation state is critically important for
the performance of a composite structure. Related to the nonuniqueness is the
closure approximation by which the fourth order orientation tensor is approximated. Further, a consequence of the lack of scale separation between the part
scale and the platelet mesoscale is that a point in the analysis may only describe
a few unique orientations. Such an orientation state is not well described by
a second order orientation tensor. The orientation state predicted by the ﬂow
simulation should require minimal interpretation to develop a structural model.
• Spatial orientation distribution: The orientation state in a PPMC is spatially dependent, but need not be smooth due to the large scale heterogeneities.
This is related to the orientation descriptor in that it is required to describe
arbitrary orientation states that need not be smooth. However, the spatial
smoothness is also a result of the Eulerian meshing scheme typically employed
in computational ﬂuid dynamics (CFD). A treatment of the orientation state
similar to that of a free surface ﬂow [81] could mitigate the numerical smoothing
caused by diﬀusion as a result of immediate mixing in a ﬁnite volume method.
• Anisotropic constitutive models: As of publication, the main commercial
molding simulation tools do not allow anisotropic viscous constitutive models.
This limitation has, so far, apparently not signiﬁcantly aﬀected the ability to
model short ﬁber injection molding. However, the long ﬁbers and large scale
platelets can result in highly anisotropic ﬂuids such that the anisotropic behavior
severely alters the ﬂow.
Thus, the developed model should include a coupled, anisotropic constitutive relationship and a unique orientation state descriptor. The test ﬁber orientation representation was chosen since it is computationally eﬃcient, unique, and does not
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require a closure approximation. A Lagrangian discretization scheme was chosen to
eliminate challenges associated with Eulerian meshing. The model was implemented
into a commercially available ﬁnite element code to leverage the robust solver and
user interface. In practical applications of PPMCs, the transient behavior is of interest because the ﬂow distances are generally small compared to injection molding.
Jeﬀery’s equation was found to be appropriate for PPMCs under these conditions.
The model is composed of several parts, but was made as simple as possible. Still,
the open framework permits further enhancements. There are no tuning parameters
and the model appears to be predictive. The coupled ﬂow analysis was validated by
several test cases. Squeeze ﬂow and a center gated disk were used as simple ﬂow cases.
More complex ﬂows were analyzed and the predicted orientations were compared to
experimental measurements. Two studies in which structural models were developed
from the predicted orientation state demonstrate the full PPMC workﬂow.
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2. FIBER ORIENTATION DESCRIPTORS AND
EVOLUTION EQUATIONS
The ﬁber orientation is a primary output of ﬂow simulations for ﬁber suspensions.
This is an old problem that has been extensively studied over the past 30-40 years.
The usefulness and widespread use of injection molding simulations for ﬁber orientation analysis [82] was predated by the advent of isotropic diﬀusion [23] and the
application of orientation tensors for short ﬁber composites [24].
The orientation state is treated as a state variable in a ﬂow simulation to be updated throughout the analysis. The method by which the orientation state is describe
and updated must be both useful and computationally eﬃcient. Early works on the
subject focused on evolving the orientation state along calculated streamlines [83].
This is eﬀectively what is done in commercial injection molding simulation tools in
which the ﬁber orientation and ﬂow ﬁeld calculations are uncoupled. In a fully coupled model in which the ﬁber orientation and ﬂow are coupled by an anisotropic
rheological constitutive model, the orientation state must be updated during the ﬂow
ﬁeld calculation. One important consideration is the numerical discretization scheme.
Computationally ﬂuid mechanics (CFD) typically uses Eulerian meshes while Lagrangian meshes are often reserved for solid mechanics. An Eulerian discretization is
useful for treating the large deformations in CFD problems. The choice of orientation
descriptor may also depend on the use of an Eulerian or Lagrangian discretization
because material advection between Eulerian elements requires well deﬁned algebraic
averaging.
The ﬁber orientation state is a key parameter which determines the mechanical
performance of molded composite structures. When forming a composites structure,
the orientation state changes. The ability to predict the orientation state in a molded
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structure is of great importance. To do so, a mathematical description of the orientation state and an equation to update the orientation state during processing are
required.

2.1

Fiber Orientation Descriptors
The orientation of an individual ﬁber in space can be deﬁned by two angles, θ and

φ. Alternatively, a change of base can be used to deﬁne the orientation state with a
unit vector, pi , parallel to the axis of the ﬁber. The orientation of a ﬁber in space is
shown in Figure 2.1.
p1 = sin θ cos φ

(2.1)

p2 = sin θ sin φ

(2.2)

p3 = cos θ

(2.3)

x3

pi
θ

x2
φ

x1

Figure 2.1. Orientation of a ﬁber in space.

Since this vector only deﬁnes the direction of the ﬁber, we require pi pi = 1, and
the description of the orientation state is still two degrees of freedom. The collection
of all possible ﬁber orientations in space is the surface of the unit sphere.
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The composite structures of interest contain many ﬁbers so description of the ﬁber
orientation distribution is required. The following sections will review the common
ﬁber orientation descriptors.

2.1.1

Orientation Distribution Function

The fullest description of the orientation state is the probability distribution function (PDF) or orientation distribution function (ODF), ψ(θ, φ), which deﬁnes the
probability of ﬁnding a ﬁber at an arbitrary orientation in space [24]
P (θ1 ≤ θ ≤ θ1 + dθ, φ1 ≤ φ ≤ φ1 + dφ) = ψ(θ1 , φ1 ) sin θ1 dθdφ
There are three physical conditions that the ﬁber orientation distribution function
must satisfy [24]:
1. The orientation distribution function must be periodic because the ﬁber is transversely isotropic (i.e. has a plane of symmetry) so the vector pi should not have
directionality associated with it. That is, pi and −pi represent the same ﬁber
orientation. Thus,
ψ(pi ) = ψ(−pi )
2. Next, the orientation distribution function must be normalized:
Z π Z 2π
ψ(θ, φ) sin θdθdφ = 1
0

(2.4)

(2.5)

0

3. Finally, a continuity condition must be satisﬁed:
Dψ
∂ ˙
1 ∂ ˙
= − (θψ)
−
(φψ)
Dt
∂θ
sin θ ∂φ

(2.6)

While the ODF is the fullest orientation state descriptor and is unambiguous,
it is computationally expensive to employ in a numerical simulation which includes
spatial distribution of angles. Clearly every ﬁber cannot be tracked directly, which
would require ﬁve state variables per ﬁber to completely describe the conﬁguration
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of the ﬁber in a part: three coordinates deﬁning the centroid and two angles (or two
components of pi ).
To implement the ODF representation numerically, the standard approach would
be to discretize the smooth function into discrete bins with a given probability. The
probability in each bin is updated throughout the simulation. The ODF representation is also conducive for use with an Eulerian mesh. The probabilities in each bin
can be readily advected between adjacent elements.

2.1.2

Test Fibers

The test ﬁber representation is functionally similar to the ODF representation
in terms of the numerical implementation. In the test ﬁber representation, a small
subset of orientation are selected and assumed to be representative of the global
orientation state. In this way, the number of state variables is substantially reduced
from the ODF representation, but the test ﬁbers may not adequately describe the
true orientation state. Tang and Altan [84] were perhaps the ﬁrst to propose the test
ﬁber representation which was later used by Ericsson et al. [56] to good eﬀect. Tang
and Altan observed good agreement between simulations with the entire ODF to as
few as 18 test ﬁbers [84]. This requires 12 variables compared to ﬁve for second order
orientation tensors, but avoids the closure problem. Ericsson et al. found that more
than 100 test ﬁbers were required to closely represent the entire ODF [56].
(n)

These n test ﬁbers have an associated volume fraction, vp

to allow more con-

trol over the orientation state. Assuming that each test ﬁber has the same volume
fraction reduces the number of variables, but may prohibit the description of certain
orientation states. For example, an orientation state with half of the ﬁbers pointed
in one direction and half pointed in another direction could not be described by three
test ﬁbers without a volume fraction parameter.
Another challenge with test ﬁbers is their use with Eulerian meshes. Algebraic
averaging is not well deﬁned for ﬁber orientation vectors considered here. Several
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examples for averaging to the components of two vectors can be easily developed to
demonstrate why this is unacceptable. The advection problem could be mitigated by
forming an orientation tensor from three test ﬁbers and using the orientation tensor
as the state variable. Then, in the constitutive model, the orientation tensor is diagonalized and the eigenvectors are taken as the three test ﬁber directions with volume
fractions equal to their corresponding eigenvalues. Still, several counter examples can
demonstrate why this solution is not ideal, but may be an acceptable improvement.

2.1.3

Orientation Tensors

Many compact orientation descriptors have been proposed in the literature beginning with Hermans’ orientation parameter [85]. Orientation tensors are found in
the works of Hinch and Leal [86] to replace orientation distribution functions and
are tracked as state variables. The orientation tensors presented by Advani and
Tucker [24] will be presented here following the notation of [24]. These orientation
tensors are formed by taking the diadic product of pi and integrating over the orientation distribution function. Only even ordered tensors exist with all odd ordered
tensors vanishing because the orientation distribution function is even. The most
commonly used orientation tensors are the second and fourth order tensors given by
Z π Z 2π
aij =
pi pj ψ(θ, φ) sin θdθdφ = hpi pj i
(2.7)
0
0
Z π Z 2π
aijkl =
pi pj pk pl ψ(θ, φ) sin θdθdφ = hpi pj pk pl i
(2.8)
0

0

where h i denotes the weighted average.
The orientation tensor obey the tensorial coordinate transformation rules and are
fully symmetric (e.g. aij = aji ). Lower order tensor can be formed from higher order
tensors by contracting over two indices. For example,
aijkk = aij

(2.9)

Additionally, the trace of the second order orientation tensor must be unity (aii = 1)
because of the normalization condition. Therefore, the second order orientation tensor
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is ﬁve variable and is a concise representation of an orientation distribution function.
However, the second order orientation tensor (and orientation tensors in general) also
introduces several new problems that will be explored in depth later. They can be
summarized in general as the following: (i) the orientation distribution described
by the second order orientation tensor is not unique and (ii) the next higher order
tensor is required to form the equation of change which results in the so called closure
problem.
Some common second order orientation tensors are given below in the principle
coordinate system. The simplest orientation tensor describes a collimated, or unidirectional orientation state:

⎡

⎤
1 0 0
⎢
⎥
⎢
⎥
aij = ⎢0 0 0⎥
⎣
⎦
0 0 0

An orientation state that is characterized as random in 3D is given by
⎡
⎤
1/3 0
0
⎢
⎥
⎢
⎥
aij = ⎢ 0 1/3 0 ⎥
⎣
⎦
0
0 1/3

(2.10)

(2.11)

This orientation state represents the unit sphere. To generated this orientation distribution, one must generate a random angle on the unit disk from a uniform random
distribution and a height from −1 ≤ x3 ≤ 1 from a uniform random distribution.
The height sets the vertical position on the unit sphere. The last orientation state of
interest is the so called planar random orientation state given by
⎡
⎤
1/2 0 0
⎢
⎥
⎢
⎥
aij = ⎢ 0 1/2 0⎥
⎣
⎦
0
0 0

(2.12)

This orientation state in general means uniformly distributed in the plane. However,
this orientation tensor can also be formed by other orientation states that are typical
in composite mechanics. The [0/90]s , [±45]s , and [0/90/ ± 45]s laminates would be
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describe by the planar random orientation tensor but are known to have very diﬀerent
mechanical properties. This is where knowledge of the fourth order orientation tensor
would separate these three orientation states and allow the elastic properties to be
correctly computed. However, most molding simulations only track the second order
orientation tensor, so the elastic properties cannot be uniquely computed. Also, Advani and Tucker [24] state that orientation tensors cannot be used to predict strength
or fracture toughness using the orientation averaging scheme presented later.

Orientation Recovery
The orientation distribution function can be recovered from the orientation tensors
as follows [24, 87]. First deﬁne the tensor basis functions as
1
fij (pi ) = pi pj − δij
3

(2.13)

1
(δij pk pl + δik pj pl δil pj pk + δjk pi pl + δjl pi pk + δkl pi pj )
7
1
(2.14)
+
(δij δkl + δik δjl + δil δjk )
35

fijkl (pi ) = pi pj pk pl −

and deﬁne
1
bij = aij − δij
3
1
(δij akl + δik ajl δil ajk + δjk ail + δjl aik + δkl aij )
7
1
+
(δij δkl + δik δjl + δil δjk )
35

(2.15)

bijkl = aijkl −

(2.16)

Then, the distribution function is recovered as
ψ(pi ) =

1
15
315
+
bij fij +
bijkl fijkl + . . .
4π 8π
32π

(2.17)

For a planar distribution, where θ = π/2, the coeﬃcients of the above result are
changed as
1
fij0 (pi ) = pi pj − δij
2

(2.18)
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1
(δij pk pl + δik pj pl δil pj pk + δjk pi pl + δjl pi pk + δkl pi pj )
6
1
(2.19)
+
(δij δkl + δik δjl + δil δjk )
24

0
fijkl
(pi ) = pi pj pk pl −

1
b0ij = aij − δij
2
1
(δij akl + δik ajl δil ajk + δjk ail + δjl aik + δkl aij )
6
1
+
(δij δkl + δik δjl + δil δjk )
24

(2.20)

b0ijkl = aijkl −

(2.21)

Now, the distribution function is recovered as
ψ(pi ) =

1
2
8
0
+ b0ij fij0 + b0ijkl fijkl
+ ...
2π π
π

(2.22)

This result is equivalent to a Fourier series expansion of the orientation distribution
function. This recovery method can cause problems for certain conditions where the
Fourier series expansion goes negative which is nonphysical. The distribution recover
can contain as many terms as available which will further improve the accuracy. However, the second order orientation tensor is typically computed in the ﬂow simulation
and the fourth order tensor is approximated with a closure, the results presented
above would be standard.

Closure Approximation
As will be shown later, the equation of change for any even ordered orientation
tensor requires the knowledge of the next higher order tensor. This gives rise to the so
called closure problem. That is, when performing a ﬂow simulation using orientation
tensor based orientation representation, one must estimate the next higher order
tensor from the lower order tensor. That is, if the ﬂow simulation is tracking aij ,
a closure approximation is required for aijkl to update aij . This problem has been
extensively studied and continues to persist today, although development of closure
approximations has slowed in recent years.
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A strategy for forming closure approximations by using a the products of aij and
δij was proposed by Hand [49]. The linear closure approximation for the fourth order
orientation tensor, denoted aLijkl is given as follows. Only the linear terms are retained.
The linear closure is exact for uniform random orientation distributions.
1
aLijkl = (δij akl + δik ajl δil ajk + δjk ail + δjl aik + δkl aij )
7
1
−
(δij δkl + δik δjl + δil δjk )
35

(2.23)

For planar orientation states, the coeﬃcients are changed to 1/6 and −1/24. Higher
order linear closure approximations can also be formed but the process is tedious and
lengthy and will not be discussed here. More information can be found in [24].
The quadratic closure is another of the earliest closure approximations which was
used by a number of researchers [88, 89]. In the quadratic closure, only the quadratic
terms are retained from the products of aij and δij . The quadratic closure of the
fourth order orientation tensor, aQ
ijkl , is given by
aQ
ijkl = aij akl

(2.24)

The quadratic closure is exact for collimated orientation states.
The hybrid closure was an attempt to combine the linear and quadratic closures
to get better performance of a range of orientation states. The hybrid closure for the
fourth order orientation tensor is given by
Q
L
aH
ijkl = (1 − f )aijkl + f aijkl

(2.25)

f = Aaij aji − B

(2.26)

where

where A = 3/2 and B = 1/2 for 3D orientation states and A = 2 and B = 1 for planar
orientation states. This parameter f vanishes for random orientation states and equals
unity for full aligned orientation states, thus mixing the linear and quadratic closures.
Neither the linear nor quadratic closures perform well over a range of orientation states
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for the tested ﬂow cases presented in [24], but the hybrid closure is an improvement.
The linear closure sometimes gave nonphysical orientation states [24].
A class of fourth order orientation tensor closure approximations were presented
by Cintra and Tucker [90] called ”orthotropic ﬁtted closure approximations.” These
closure approximations assume an orthotropic orientation state and are considered the
state of the art. The eigenvalue based optimal ﬁtted closure (EBOF) was developed
by Cintra and Tucker [90] based on the eigenvalues of the second order orientation
tensor. Chung and Kwon [91] proposed the invariant based optimal ﬁtted closure
(IBOF) based on the invariants of the second order orientation tensor. The natural
closure [92, 93] is another interesting closure approximation. Little work exists on
higher order closure approximations beyond the works of Jack and Smith [94, 95].

Orientation Averaging
A method for computing eﬀective composite properties for arbitrary orientation
states is presented in [24] called orientation averaging, given that the properties of
the unidirectional material are known. The order of the tensor to be computed
determines the required knowledge of the orientation state. For example, second
order properties such as coeﬃcient of thermal expansion (CTE) requires only the
second order orientation tensor. Let Tij be a transversely isotropic second order
tensor of properties of the UD material. Then, the orientation averaged properties,
denoted hT iij are given by
hT iij = A1 hpi pj i + A2 δij
= A1 aij + A2 δij

(2.27)
(2.28)
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where the coeﬃcients Ai are determined from the unidirectional case. Now, let Tijkl
be a transversely isotropic fourth order tensor quantity such as elastic stiﬀness. Now,
the orientation averaged quantity is
hT iijkl =B1 aijkl + B2 (aij δkl + akl δij )
B3 (aik δjl + ail δjk + ajl δik + ajk δil )
+ B4 (δij δkl ) + B5 (δik δjl + δil δjk )

(2.29)

where the coeﬃcients Bi are computed from the unidirectional case (see [24] for an
example). This result will be used later to orientation average eﬀective anisotropic
viscosity tensors in the coupled ﬂow model.

2.2

Fiber Orientation Evolution Equations
After choosing an appropriate orientation descriptor, an orientation evolution

model must be developed to compute ﬂow induced orientation states. The vast
majority of ﬁber orientation models are based on Jeﬀery’s equation [22]. Several
phenomenological modiﬁcations have been made to improve orientation predictions
including diﬀusion and reduced orientation kinetics. These models will be reviewed
here considering their relevance to prepreg platelet based molding compounds.

2.2.1

Jeﬀery’s Equation

Fiber orientation analysis can be traced back to Jeﬀery [22], who analyzed an
ellipsoidal inclusion suspended in an inﬁnite viscous medium. Jeﬀery’s equation, given
by Equation 2.30, is a diﬀerential equation for the rate of change of an orientation
vector, pi , subjected to a velocity gradient. The ﬁrst term is the orientation change
due to rigid body rotations and the second term is the change due to stretching. The
last term maintains the unit length of the vector, pi .
ṗi = Wij pj + ξ(Dij pj − Dkl pk pl pi )

(2.30)
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where Dij = (Lij + Lji )/2 and Wij = (Lij − Lji )/2 are the strain rate tensor and
vorticity tensor, respectively, and Lij = ∂vi /∂xj is the velocity gradient. The shape
factor xi is given by
ξ=

r2 − 1
r2 + 1

(2.31)

Where r is the aspect ratio of the ellipsoidal particle. Two special cases of interest are
particles of inﬁnite aspect ratio (i.e. slender ﬁbers) where the shape factor approaches
unity and particles of zero aspect ratio (i.e. slender disks) where the shape factor
approaches ξ = −1. For ﬁbers of ﬁnite length, ξ < 1, and the ﬁbers tumble in
rotational ﬂows. For practical purposes, the shape factor is generally set equal to
unity to prevent tumbling behavior.
Engineering applications for processing of ﬁber suspensions generally consist of
arbitrary orientation states composed of many ﬁbers. Hence, it is of interest to
develop an orientation evolution equation for the orientation tensors. The results for
the second order orientation tensor are developed here. First, the time derivative of
the deﬁnition of the second order orientation tensor is taken using the product rule.
Substituting Jeﬀery’s equation for the ṗi terms and again employing the deﬁnition of
the orientation tensors yields
ȧij = (Wik akj − Wkj aik ) + ξ(Dik akj + Dkj aik − 2Dkl aijkl )

(2.32)

The form given by Equation 2.32 is quite convenient and permits orientation analysis
of arbitrary orientation states. However, the last term of the orientation evolution
equation for the second order orientation tensor, given by Equation 2.32, now contains
the fourth order orientation tensor. This poses a new problem: how can the new
second order orientation tensor be updated when knowledge of the fourth order tensor
is required? This trend persists for all higher ordered orientation update formulae.
The problem here is commonly referred to as the closure problem. The solution
continues to be to use the lower order information to approximate the higher order
tensor. Such an approach is called the closure approximation, discussed in detail in
Section 2.1.3.
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The closure problem raises certain questions regarding the analysis strategy. Is it
suﬃcient to track the second order tensor and approximate the fourth order tensor
knowing that the fourth order tensor is also required to compute mechanical properties? Should the fourth order tensor be tracked in the simulation and the sixth
order tensor is approximated? This might give better fourth order information if a
good sixth order closure is available. However, now the computational expense is
increasing. At what point is it preferable to reject orientation tensors in favor of a
diﬀerent orientation descriptor?
Jeﬀery’s equation is exact for the conditions under which it was derived. Furthermore, in the orientation analysis of ﬁber suspensions, Jeﬀery’s equation is always qualitatively correct, with no known counterexamples. The challenge herein
lies with developing models which are quantitatively correct. Several modiﬁcations
to Jeﬀery’s equation have been proposed including diﬀusion and reduced orientation
kinetics. These phenomenological models were developed to get the correct transient
and steady state orientation behavior.

2.2.2

Diﬀusion

Jeﬀery’s equation, derived for dilute suspensions, allows the ﬁbers to become
highly collimated as a result of deformation. Experiments by Folgar and Tucker
showed that the steady state orientation state (after applying extremely large shear
strains), was not as highly aligned as predicted by Jeﬀery’s equation. This lead to the
development of the Folgar-Tucker model [23] of isotropic rotary diﬀusion. A diﬀusion
term was added to the Jeﬀery’s equation to control the steady state orientation behavior. Isotropic diﬀusion cannot control how the ﬁbers are diﬀused, just the strength
of the interaction. Later, anisotropic rotary diﬀusion [25] was developed to better
control the steady state orientation. These models will be reviewed in the following
sections.
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Isotropic Diﬀusion
Isotropic rotary diﬀusion was developed by Folgar and Tucker [23] to control
the steady state orientation behavior in short ﬁber suspensions. A diﬀusion term
was added to Jeﬀery’s hydrodynamic equation as given in Equation 2.33, deﬁning
γ̇ = (2Dij Dij )1/2 .
ṗi = Wij pj + ξ(Dij pj − Dkl pk pl pi ) −

CI γ̇ ∂ψ
ψ ∂pi

(2.33)

Advani and Tucker [24] recast the Folgar-Tucker model in terms of orientation tensors
as shown in Equation 2.34 [25].
ȧij = (Wik akj − Wkj aik ) + ξ(Dik akj + Dkj aik − 2Dkl aijkl ) + 2CI γ̇(δij − δkk aij ) (2.34)
Now, the behavior of the Folgar-Tucker model can be easily seen by inspecting the
terms of Equation 2.34. The strength of the difussion must depend on the shear rate,
γ̇ because the ﬁbers should not continue to diﬀuse if there is no deformation. The
diﬀusion is equal strength in all direction tending towards random. If the orientation
state is random, then the contribution from diﬀusion vanishes. The strength of the
diﬀusion is set by the parameter, CI , termed the interaction coeﬃcient. Formally, this
is a ﬁtting parameter that may depend on several factors. Fan et al. [96], Phan-Thien
and coworkers [97], and Ausias et al. [98] computed interaction coeﬃcients by direct
numerical simulation.

Anisotropic Diﬀusion
Anisotropic rotary diﬀusion was developed to better ﬁt experimental data that
isotropic diﬀusion could not. Isotropic diﬀusion gives control over one of the orientation tensor components, but not both. The goal of anisotropic rotary diﬀusion is to
allow the strength of diﬀusion to be directionally dependent. For example, the ﬁbers
may diﬀuse strongly in the plane of a thin section and only slightly diﬀuse out of
plane. Several attempts were made to develop objective anisotropic rotary diﬀusion
(ARD) models.
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First, Koch [99] developed a model for semi-dilute suspensions based on longrange ﬁber-ﬁber interactions that was a function of the ﬁber aspect ratio and volume
fraction. This model required the sixth order orientation tensor. Even with state of
the art closure approximations, some conditions resulted in non-physical orientation
states. Additionally, the isotropic part tended to dominate under certain conditions.
The proposed model is computationally expensive, but did not produce signiﬁcantly
better results than Folgar-Tucker.
Phan-Thien et al. [97] proposed a diﬀusion model based on ﬁber-ﬁber interactions.
This model satisﬁed the symmetry requirements and corrects an error in a previous
development by Fan et al. [96] Phelps and Tucker [25] note that the diﬀusivity does
not vanish for random orientation states and that the analysis did not properly project
the spatial tensor onto the orientation space.
Phelps and Tucker [25] corrected the problems in previous models and proposed
the anisotropic rotary diﬀusion (ARD) model.

CijARD = b1 δij + b2 aij + b3 aik akj +

b4
b5
Dij + 2 Dik Dkj
γ̇
γ̇

(2.35)

ȧARD
= (Wik akj − Wkj aik ) + ξ(Dik akj + Dkj aik − 2Dkl aijkl )
ij
+ γ̇ [2Cij − 2Ckk aij − 5(Cik akj + aik Ckj ) + 10Ckl aijkl ]

(2.36)

The ﬁtting parameters b1 . . . b5 are used to control the behavior. However, caution
must be exercised because certain combinations of these parameters can lead to oscillations caused by a dynamic instability. Still, Phelps and Tucker [25] showed how the
ARD model with reduced orientation kinetics was able to match the through thickness
orientation distribution in an injection molded, long ﬁber thermoplastic part, when
the Folgar-Tucker model could not. Both models predicted similar a11 distributions,
but the out of plane orientation tensor component, a33 was over predicted by the
Folgar-Tucker model. The ARD model lowered the a33 component to better match
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the experimental data. The ability to control both components of the orientation
tensor is the key strength of the ARD model.
Tseng et al. [100] developed the iARD model. Recently the pARD model was
presented by Tseng et al. [101].

2.2.3

Reduced Orientation Kinetics

Fiber orientation evolution models were observed to reorient too quickly (from 2
to 10 times) compared to experimental data [26]. To correctly model the transient
reorientation behavior was retarded by various methods. A method is to simply
scale the components of the velocity gradient. This, however, would also reduce the
reorientation due to rigid body rotation, which is clearly wrong. Thus, the model is
not objective.
Hyuhn [102] employed a strain reduction factor 1/κ as a prefactor on ȧij to reduce
the reorientation rate. Sepehr and coworkers [103–105] employed an equivalent approach to simple shear. These models are not objective. The SRF model can be made
objective by dropping the SRF factor from the terms containing the vorticity tensor
and only modify terms with the rate of deformation tensor. This causes oscillatory
behavior because the shape factor is eﬀectively reduced which is undesirable.
Wang et al. [26] presented an objective, phenomenological model for reduced orientation kinetics based on reducing the growth rate of the eigenvalues of the orientation
tensor while the eigenvectors are unchanged. This model, termed reduced strain closure (RSC), is a modiﬁcation of Jeﬀery’s equation. Combined with the ARD model,
the RSC model is given by
ARD
ȧij
= (Wik akj − Wkj aik ) + ξ(Dik akj + Dkj aik

− 2Dkl (aijkl + (1 − κ)(Lijkl − Mijmn amnkl ))
+ γ̇ [2(Cij − (1 − κ)Mijkl Ckl ) − 2κCkk aij
−5(Cik akj + aik Ckj ) + 10Ckl (aijkl + (1 − κ)(Lijkl − Mijmn amnkl )]

(2.37)
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where Lijkl and Mijkl are fourth order tensors deﬁned by the eigenvalues, λi , and
(n)

eigenvectors, ei , of aijkl as
Lijkl =

3
X



(n) (n) (n) (n)
λn ei ej ek el

(2.38)

n=1

Mijkl =

3
X

(n) (n) (n) (n)

ei ej ek el

(2.39)

n=1

Soon after the development of the RSC model, Ferec et al. [27] developed a similar model. Later, Tseng et al. [100] presented the retarding principle rate (RPR)
model. This model is mathematically equivalent to the RSC model after setting the
parameters β = 0 and α = 1/κ.

2.3

Fiber Orientation Analysis of PPMCs
Having reviewed the prominent works in ﬂow induced ﬁber orientation analysis,

an orientation descriptor and orientation evolution model must be chosen for the
material of interest in this work, namely prepreg platelet based molding compounds.
PPMC structures are generally formed with platelets that are on the scale of the minimum part dimensions or are long compared to the part thickness. The lack of scale
separation poses several modeling challenges including the mathematical description
of the ﬁber orientation state and the orientation evolution.
Because the platelets are large relative to the part geometry, any individual point
of the simulation may only be composed of a few orientations. For this reason, it can
make physical sense to track the full orientation distribution or a set of representative
orientations (e.g. the test ﬁber representation) at any point in the model. The
orientation distribution will not be smooth if it contains only a small number of
orientations, so an orientation tensor representation is not useful. Further, the ﬂow
simulation developed here should be useful for developing structural models of the
molded parts. Therefore, a full and unique knowledge of the orientation state is of
critical importance. Thus, the test ﬁber representation is chosen for modeling prepreg
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platelet molding compounds. The number of test ﬁbers at each point depends on the
mesh size relative to the platelet size, but it is possible that some models will track the
full orientation distribution at every point (for large platelets and small elements). In
some of the models discussed later, a platelet will be composed of several elements.
In this case, an element contains only one orientation: that of the single platelet
described by pi , qi , and ri as shown in Figure 2.2.

Figure 2.2. Orientation of a prepreg platelet in space.

An undeformed platelet is described by three mutually orthogonal unit vectors,
pi , qi , and ri corresponding to the ﬁber, transverse, and normal directions. During
processing, the platelets may shear and pi and qi need not remain orthogonal, however,
rk = ijk pi qj should be enforced throughout. It is important to track both the ﬁber
direction and the platelet normal directions as the failure analysis [2] is orthotropic.
By formulating the ﬂow simulation with the progressive failure analysis in mind, the
retaining the richest description of the processed mesostructure is critically important.
By selecting the test ﬁber representation, the ambiguity related to the orientation
tensors and the closure problem is removed.
Two potential challenges related to the test ﬁber representation are the computational expense and the treatment in Eulerian meshes. In regards to the computational
cost, it is not believed to be an issue for the types of models developed in this work
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given the platelet - part scale interactions of interest. A Lagrangian meshing scheme
was used in this investigation, so there are no issues with Eulerian meshing. However,
in the event that an Eulerian mesh was used, there are several options to handle the
associated diﬃculties.
The next step is to choose the orientation evolution model. Given the length of
the ﬁbers and the relatively small deformations, Jeﬀery’s equation with ξ = 1 (aﬃne
motion) is used for the ﬁber direction. For the platelet normal direction, Jeﬀery’s
equation with ξ = −1 is used for inﬁnitely thin disks. These results are given below
where Fij = ∂xi /∂x0j is the deformation gradient and superscript 0 denotes the original
conﬁguration.
Fij p0j

pi = p
ri = q

Fkm Fkn p0m p0n
Fji−1 rj0

(2.40)
(2.41)

−1 −1 0 0
Fmk
Fnk rm rn

The transverse direction can be updated with aﬃne motion to compute a platelet
shear angle or can be computed by the cross product of the normal and ﬁber orientations: qk = ijk ri pj .
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3. CONSTITUTIVE MODELING
An anisotropic viscous constitutive model is herein developed for analysis of incompressible, anisotropic media. The ﬂow and ﬁber orientation models are coupled for
evolving, mutual inﬂuence during the course of the ﬂow. That is, the ﬂow ﬁeld depends on the ﬁber orientation and the ﬁber orientation depends on the ﬂow ﬁeld.
Typically, uncoupled analyses are performed with isotropic constitutive models such
that the ﬂow ﬁeld determines the ﬁber orientation, but the ﬁber orientation cannot
inﬂuence the ﬂow ﬁeld.
To perform a coupled ﬂow and ﬁber orientation analysis, the constitutive model
clearly must depend on the ﬁber orientation. A ﬁber orientation evolution model
must be implemented to update the orientations during the progression of the simulation. Thus, the ﬂow ﬁeld and ﬁber orientation computations must be performed
simultaneously during the analysis for strong coupling.
The goal of this work is to develop predictive modeling capabilities for process simulation of compression molded, preimpregnated platelet based molding compounds,
so it is desirable to develop a model without ﬁtting parameters. Therefore, relatively
simple models have been developed to describe the physics. Additional parameters
can be added later to improve the quality of the predictions as required.

3.1

Viscous Constitutive Models
Traditionally, ﬂuids are described by viscous constitutive models that relate the

deviatoric stress and strain rate through the viscosity. Under the incompressibility
assumption, ε̇kk = 0, this relationship can be written as

τij = 2ηε̇ij

(3.1)
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where η is a scalar viscosity with units FT/L2 .
Engineering polymers are typically non-Newtonian and non-Newtonian viscosity
models have been the subject of extensive study in the literature. Rate dependent
viscosity models are commonly used and are the ﬁrst major development discussed
p
here. Deﬁning the shear rate as γ̇ = ε̇ij ε̇ij , the power-law model is given below where
the viscosity depends on the shear rate. The power-law exponent governs the shear
thinning or shear thickening behavior. Shear thinning is common for engineering
polymers and corresponds to n < 1. Shear thickening is less common, but is achieved
by setting n > 1. A Newtonian viscosity can be recovered betting n = 1. The powerlaw model is convenient for obtaining analytic solutions, the behavior at low shear
rates can be an issue. In many cases, it is useful to model the ﬂuid as Newtonian
at low shear rates and as a power-law ﬂuid for increasing shear rates. A model
for this ﬂuid was developed by Carreau [30, 106], after whom the name, Carreau
ﬂuid, is taken. While analytic solutions for Carreau ﬂuids may be diﬃcult to obtain,
the model can be readily implemented in a numerical solution. The Cross viscosity
model [31] is another common viscosity model and is available in commercial molding
simulation codes. An example of a temperature dependent viscosity model is the
empirical Williams-Landel-Ferry (WLF) model [107].
Newtonian: η = η0

(3.2)

Power-law: η = K γ˙ (n−1)/2

(3.3)

Carreau: η = η0 (1 + (λγ)
˙ 2 )(n−1)/2
η 0 − η∞
Cross: η = η∞ +
αγ˙ n
3.2

(3.4)
(3.5)

Anisotropic Viscosity
To develop and implement an anisotropic constitutive model, an orientation de-

pendent constitutive model and a method for determining input properties must be
developed. A review of relevant work in these areas in the following sections.
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The use of anisotropic constitutive relationships in continuum mechanics has accelerated since the advent of ﬁber reinforced composites. The importance of anisotropy
in structural applications is widely accepted. Indeed, the anisotropy introduced from
the ﬁber reinforcement is a primary asset of CFRP structures. Anisotropy in processing has received attention in the literature, but there are few examples which strongly
promote anisotropic viscosity tensors and their use in process modeling. Commercial
mold ﬁlling simulation tools do not currently consider anisotropic eﬀects on the ﬁlling
behavior of ﬁber suspensions.

3.2.1

Anisotropic Viscous Constitutive Models

Oldroyd [40] presented a process for formulating invariant forms of rheological
equations of state including anisotropic ﬂuids. Ericksen presented a properly invariant
constitutive model for transversely isotropic ﬂuids and analyzed simple shearing ﬂow
to illustrate ﬁber orientation behavior [42]. Following the notation of [42], Ericksen
gives the stress, up to an arbitrary pressure, as
σij = − pδij + 2µdij + (µ1 + µ2 dkm nk nm )ni nj
+ 2µ3 (djk nk ni + dik nk nj )

(3.6)

where ni is the particle / ﬁber direction and dij is the strain rate tensor. The second term is the isotropic term while the third and fourth terms are the anisotropic
contribution that depends on the orientation. Ericksen employs Jeﬀery’s equation
for the orientation evolution, but allows the shape factor to be greater than unity,
λ ≥ 1. The analysis of simple shear ﬂow gives normal stress diﬀerences, σ11 − σ22 and
σ11 − σ33 , approximately proportional to the shear rate. This is in agreement with
experimental evidence and as stated by Ericksen ”is drastically diﬀerent from what
is predicted by most theories of isotropic ﬂuids” [42].
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Let R be the aspect ratio of the ellipsoid, then the coeﬃcients in Equation 3.6 are
given by Lipscomb et al. [50] for inﬁnitely slender ﬁbers R → ∞ as
µ = 2η0

(3.7)

µ1 = µ3 = 0

(3.8)

µ2 = η0 R2 /ln(R)

(3.9)

and inﬁnitely thin disks R → 0 as
µ = −η3 = 8η0 /(2πR)

(3.10)

µ1 = 0

(3.11)

µ2 = 20η0 /(3πR)

(3.12)

Then, Ericksen extended the theory for transversely isotropic ﬂuids to a more
general case of anisotropic ﬂuids [41]. In [41], Ericksen incorporates some features
of [108] without long range interactions. Making the typical assumptions that the
stress is symmetric and that ni = −ni describe the same orientation, the stress, for
isothermal ﬂow and incompressible ﬂuids, reduces to the previous expression given
in [42]. Hand [49] formulated a theory for dilute suspensions from Jeﬀery’s results
and showed it to be a special case of Ericksen’s theories [41, 42]
Hinch and Leal [43] presented an anisotropic constitutive model, given by Equation
3.13, which is similar in form to the model employed in this work.
σij = − pδij + 2µDij
+ 2µφ {Ahpi pj pk pl iDij + B [hpi pj iDkl + Dij hpk pl i] + CDij + F Ehpi pj i}
(3.13)
where A, B, C, E, and F are particle geometric shape factors and φ is the concentration of ﬁbers. Hinch and Leal call the last term the ”diﬀusion stress” and state
that the inclusion of the diﬀusion stress is debated. This term is dropped in the
present work and will not be discussed further. Correlation between the coeﬃcients
in Equation 3.13 and the present model can be found in [3]. Hinch and Leal [109]
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used Batchelor’s analysis [38] to present shape factors for an anisotropic constitutive
model in terms of the ﬁber aspect ratio.
Dinh and Armstrong [45] developed an anisotropic constitutive model for the extra
stress contribution in a nondilute ﬁber suspension.


Rf2
τij = 2η0 ε̇ij + φ
aijkl ε̇kl
3 ln(2hf /Df )

(3.14)

where the ﬁber aspect ratio is Rf = Lf /Df and hf is the average distance between
p
adjacent ﬁbers. For aligned ﬁbers, 2hf /Df = π/φ and for fully random in space,
2hf /Df = π/(2φRf ). The Dinh-Armstrong model is equivalent to Equation 3.13
setting B, C, E, and F to zero and retaining only the A term. Several works employed
the Dinh-Armstrong model for coupled ﬂow and ﬁber orientation analysis (e.g. [110–
112]).
Shaqfeh and Fredrickson [113] present a rigorous treatment of the extra stress
generated from ﬁber inclusions with fewer a priori assumptions regarding the ﬁber
motion or screening length. The results reveal similar scaling as Batchelor’s analysis
and the form of the constitutive equation is similar to the Dinh-Armstrong model.


2Rf2
τij = 2η0 ε̇ij + φ
aijkl ε̇kl
(3.15)
3 [ln(1/φ) + ln ln(1/φ) + CSF ]
where CSF = 0.1585 for aligned ﬁbers and CSF = 1.4389 for fully random in space.
Lipscomb et al. [50] discuss some important features of anisotropic constitutive
models and implemented a mixed formulation velocity-pressure ﬁnite element model
to solve 2D and axisymmetric 3D ﬂows. Additionally, they commented on the stark
increase in recirculating regions of a 4:1 contraction ﬂow even for volume fractions as
low as 0.001. Numerical convergence could not be readily achieved beyond φµ2 /η0 =
6.8, that is, for concentrated or highly anisotropic suspensions.
Tucker [114] wrote a general anisotropic viscous constitutive equation of the form
τij = 2η0 ε̇ij + 2η0 Np aijkl ε̇kl

(3.16)

deﬁning a particle number, Np , as dimensionless parameter that describes the eﬀect
of the ﬁbers. The Dinh-Armstrong model and the Shaqfeh and Fredickson model are
two examples of micromechanical models that could be used to determine Np .
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Anisotropic Viscosity Tensor
Following the work of Beaussart [48], an anisotropic viscous constitutive relationship is developed by analogy to anisotropic elasticity.
⎛ ⎞ ⎡
β
β12 β13 β14 β15
ε̇
⎜ 11 ⎟ ⎢ 11
⎜ ⎟ ⎢
⎜ε̇22 ⎟ ⎢
β22 β23 β24 β25
⎜ ⎟ ⎢
⎜ ⎟ ⎢
⎜ε̇33 ⎟ ⎢
β33 β34 β35
⎜ ⎟=⎢
⎜ ⎟ ⎢
⎜γ̇23 ⎟ ⎢
sym.
β44 β45
⎜ ⎟ ⎢
⎜ ⎟ ⎢
⎜γ̇31 ⎟ ⎢
β55
⎝ ⎠ ⎣
γ̇12

β16

⎤⎛

σ11

⎞

⎥⎜ ⎟
⎥⎜ ⎟
β26 ⎥ ⎜σ22 ⎟
⎥⎜ ⎟
⎥⎜ ⎟
β36 ⎥ ⎜σ33 ⎟
⎥⎜ ⎟
⎥⎜ ⎟
β46 ⎥ ⎜σ23 ⎟
⎥⎜ ⎟
⎥⎜ ⎟
β56 ⎥ ⎜σ31 ⎟
⎦⎝ ⎠
β66
σ12

(3.17)

Assuming incompressibility, ε̇11 + ε̇22 + ε̇33 = 0, six constraints are found. Now, the
pressure must be treated separately and the strain rate is related to the deviatoric
stress as is commonly done when working with incompressible material models.
β11 + β12 + β13 = 0

(3.18)

β12 + β22 + β23 = 0

(3.19)

β13 + β23 + β33 = 0

(3.20)

β14 + β24 + β34 = 0

(3.21)

β15 + β25 + β35 = 0

(3.22)

β16 + β26 + β36 = 0

(3.23)

Rearranging Equations 3.18 - 3.23 and substituting into Equation 3.17 gives the
general
⎡
β
⎢ 11
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

result for an incompressible, anisotropic ﬂuid.
β12

−(β11 + β12 )

β14

β15

β16

⎤

⎥
⎥
⎥
β22
−(β12 + β22 )
β24
β25
β26
⎥
⎥
(β11 + β22 + 2β12 ) −(β14 + β24 ) −(β15 + β25 ) −(β16 + β26 )⎥
⎥ (3.24)
⎥
⎥
sym.
β44
β45
β46
⎥
⎥
⎥
β55
β56
⎦
β66
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An arbitrary hydrostatic pressure, P , can be applied which does not cause deformation. The stress is separated to a deviatoric part and a hydrostatic pressure.

Orthotropic Viscosity Tensor
Performing the symmetry operations for a material with three, mutually orthogonal planes of symmetry, the extension-shear coupling terms and shear-shear coupling
terms vanish. The constitutive equations are reduced and now contain six independent parameters for an orthotropic, incompressible material.
⎡
(β33 − β11 − β22 )/2 (β22 − β11 − β33 )/2 0
β
⎢ 11
⎢
⎢
(β11 − β22 − β33 )/2 0
β22
⎢
⎢
⎢
0
β33
⎢
⎢
⎢
sym.
β44
⎢
⎢
⎢
⎣

0

0

0

0

0

0

0

0

β55

0
β66

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.25)

Transversely Isotropic Viscosity Tensor
Further, let the x1 -axis be an axis of symmetry. Now, the special case of a transversely isotropic material is developed. This case is of particular interest for unidirectional, ﬁber reinforced composites, which are traditionally treated as transversely
isotropic materials. The constitutive equations become
⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

β11

−β11 /2

−β11 /2

0

0

0

(β11 + β44 )/4 (β11 − β44 )/4

0

0

0

(β11 + β44 )/4

0

0

0

β44

0

0

β55

0

sym.

β66

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.26)
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where the system viscosities are η11 = 1/β11 , η23 = 1/β44 , and η12 = 1/β66 . Now, the
system viscosities must be measured or computed.

Isotropic Viscosity Tensor
Setting η11 = 3η23 = 3η12 and substituting into Equation 3.26, the isotropic
constitutive model for a Newtonian, isotropic ﬂuid is recovered.
⎡

⎤
1 −1/2 −1/2 0 0 0
⎢
⎥
⎢
⎥
⎢
1
−1/2 0 0 0⎥
⎢
⎥
⎢
⎥
1
0 0 0⎥
1 ⎢
⎢
⎥
⎥
3η ⎢
⎢ sym.
2 0 0⎥
⎢
⎥
⎢
⎥
⎢
2 0⎥
⎣
⎦
2

(3.27)

This corresponds to the simplest viscous constitutive model: τ = ηγ̇ . In polymer
rheology, the viscosity is commonly modiﬁed to be rate and temperature dependent.

Inversion of Incompressible Constitutive Equations
The matrix given by Equation 3.26 cannot be directly inverted because of the
incompressibility condition, ε̇kk = 0. A generalized pseudo inverse developed by
Loredo and Klöcker [115] may be employed to form the viscous stiﬀness matrix.
Now, the deviatoric stress, τij = σij − σkk /3, is related to the strain rate as

⎧ ⎫
⎫
⎡
⎤⎧
⎪
⎪
⎪
⎪
⎪
τ11 ⎪
4η
−2η11
−2η11
0
0
0 ⎪
ε̇11 ⎪
⎪
⎪
⎪
⎢ 11
⎥⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎢
⎥
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎢
⎥
⎪
⎪
⎪
τ
η
+
9η
η
−
9η
0
0
0
ε̇
22 ⎪
11
23
11
23
22 ⎪
⎪
⎪
⎪
⎢
⎥
⎪
⎪
⎪
⎪
⎪ ⎪
⎪
⎪
⎪
⎢
⎥
⎪
⎪
⎪
⎨τ ⎬ 1 ⎢
⎨
⎬
η11 + 9η23 0
0
0 ⎥ ε̇33
33
⎥
= ⎢
⎥
⎢
⎪
⎪
9
⎢
⎪
⎪
⎪
τ23 ⎪
sym.
9η23 0
0 ⎥⎪
2ε̇23 ⎪
⎪
⎪
⎪
⎪
⎥
⎢
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎥⎪
⎢
⎪ ⎪
⎪
⎪
⎪
⎪
⎢
⎥
⎪
⎪
⎪
⎪
9η12 0 ⎪2ε̇13 ⎪
τ13 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎦
⎣
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩τ ⎭
⎩
⎭
9η12
2ε̇12
12

(3.28)
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Orientation Averaged Viscosity Tensor
In practice, the inﬂuence of orientation state must be resolved to use the transversely isotropic constitutive model given by Equation 3.28. There are two natural
ways to do so and it can be shown that the ﬁrst is a special case of the second. The
ﬁrst and simplest way to treat the constitutive equations is to perform the coordinate
transformation from a single orientation vector. However, this is somewhat limiting
in terms of the orientation state description. A more general approach is to utilize
the orientation averaging scheme presented in [24] to treat arbitrary orientation states
given by Equation 3.29. In the limiting case where a material point is described by
a single vector, Equation 3.29 serves to simply resolve the viscosity tensor into the
global coordinates.
hηiijkl = (η11 − 4η12 + η23 ) aijkl
+ (−η11 /3 + η23 ) (aij δkl + akl δij )
+ (η12 − η23 ) (aik δjl + ail δjk + ajl δik + ajk δik )
+ (η11 /9 − η23 ) (δij δkl ) + η23 (δik δjl + δil δjk )

(3.29)

The orientation averaging scheme is equivalent to Voigt rule of mixtures in that
it assumes each constituent experiences the same strain rate. This form of the constitutive model, τij = hηiijkl ε̇kl where hηiijkl is given by Equation 3.29, is similar to
those proposed by Ericksen [42], Hand [49], and Hinch and Leal [43].

3.2.2

Micromechanical Analysis for Eﬀective Anisotropic Viscosities

Perhaps the ﬁrst homogenization model for eﬀective suspension properties was
developed by Einstein [116] for rigid, spherical inclusions suspended in a Newtonian
ﬂuid. This famous result, given by Equation 3.30, shows the suspension viscosity is
elevated by the presence of the spherical inclusions proportionally to the inclusion
concentration, φ.

η = η0


5
1+ φ
2

(3.30)
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Einstein’s results were veriﬁed by others including Jeﬀery [22] and Brenner [117].
Jeﬀery [22] extended Einstein’s result to ellipsoidal particles although [22] is possibly more famous for the equation for the motion of the particle, known as Jeﬀery’s
equation.
In the following sections, relevant work on ﬁber suspensions and platelet suspensions is reviewed. Finally, a modeling and homogenization approach for preimpregnated platelet based molding compounds is proposed. Later, the proposed
approach is employed to solve several case studies.

Fiber Suspensions
One of the earliest and most prominent predictions for the eﬀective viscosity of
collimated ﬁber suspensions was by Batchelor [38]. In Batchelor’s analysis, several
simplifying assumptions were made including:
• A ﬁber moves with the velocity of the bulk ﬂuid at the centroid of the ﬁber.
• The ﬂow ﬁeld is undisturbed at a certain distance from the inclusion.
• Inertial forces are negligible concerning the bulk motion.
The suspension is assumed to be in the dilute regime such that L/S  1 The
strength of ﬁber-ﬁber interactions is a function of L/S, but a general solution for
arbitrary L/S is unavailable. A simpliﬁcation is made by assuming that the ﬁber
geometry must satisfy
LSD
where L is the ﬁber length, S is the ﬁber to ﬁber spacing, and D is the ﬁber diameter.
From Batchelor’s analysis [38], it was found that it was reasonable to replace the
material surrounding the ﬁber with a circular boundary of radius S at which the
velocity is zero, thus developing a cell model of the ﬂow. From the cell model, the
apparent extensional viscosity in the ﬁber direction is


4 φ(L/D)2
η11 = η0 3 +
3 ln π/φ

(3.31)
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The stress generated by the presence of ﬁbers in the ﬂuid can be signiﬁcant, even for
low concentrations [38]. Batchelor found an L/D dependence which implies that slender ﬁbers can elevate the apparent viscosity signiﬁcantly. There is some experimental
evidence to support Batchelor’s ﬁndings [118–120]. Goddard [121] extended Batchelor’s result to non-Newtonian ﬂuids following the cell model analysis from Batchelor.
Pipes and coworkers [4, 122–124] studied the response of ﬁber suspensions in the
”hyper-concentrated” regime. The analysis by Pipes and colleagues for the eﬀective
elongational viscosity in the ﬁber direction of a collimated ﬁber suspension was essentially equivalent to that of Batchelor. However, the pressure was ignored in this
analysis, so essentially a strain concentration factor was derived. This explains why
the zero volume fraction solution could not be recovered [3]. Regardless, the simple
expressions for the eﬀective viscosities compiled in [4] can be useful and reveal critical trends in the behavior of concentrated ﬁber suspensions. The dependence on the
square of the ﬁber aspect ratio was also found in agreement with [38]. The eﬀective
viscosities become unbounded in the limit as the ﬁber volume fraction approaches
the maximum packing fraction. This makes physical sense and is not captured in
Batchelor’s results. The eﬀective viscosity predictions from [4] are given below. The
shearing viscosities were also predicted.
η11 =

where κ−1 = 1 −

η0 φ
(κ − 1)(L/D)2
2

(3.32)

η12 = η23 = κη0

(3.33)

η22 = η33 = 4κη0

(3.34)

p

φ/F , deﬁning F as the maximum packing fraction (F = π/4
√
for square packing and F = π/ 12 for hexagonal packing). Only the elongational
viscosity in the ﬁber direction depends on the ﬁber geometry (L/D) while the shear-

ing viscosities are only functions of the ﬁber volume fraction. All terms become
unbounded at maximum packing and the dependence on (L/D)2 can cause the elongational viscosity in the ﬁber direction to be several orders of magnitude larger than
the shearing viscosities for long ﬁber suspension. As a result, long ﬁber suspensions
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can be highly anisotropic and diﬃcult to stretch in the ﬁber direction. For a unidirectional ﬁber suspension, assumed to be transversely isotropic, only η11 , η12 , and η23
are required to describe the constitutive behavior.
Christensen [125] developed semi-empirical expressions for the eﬀective shearing
viscosities of collimated ﬁber suspensions.
η12 =

η23 =

!

1 + α(φ/F )
p

(1 − β(φ/F )) (1 − (φ/F ))

(3.35)

!3

1 + α(φ/F )
p

η0

(1 − β(φ/F )) (1 − (φ/F ))

η0

(3.36)

where α and β are empirical parameters set as α = 0.8730 and β = 0.8815 for η12 and

Heterogeneous collimated
fiber suspension

Homogenization

Effective homogenized anisotropic continuum

Figure 3.1. Homogenization of a collimated ﬁber suspension.
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Platelet Suspensions
Studies on platelet suspensions are fairly limited for example see [126–130]. Recently, Sommer [39] and Favaloro [3] studied the rheology of prepreg platelet suspensions using a cell model. The details are reported elsewhere (see [3, 39]) and will not
be repeated here. The primary conclusion from these studies is that a collimated, unidirectional prepreg platelet molding compound can be treated as a ﬁber suspension
in shearing modes and transverse elongational modes. The inextensibility condition
is enforced in the ﬁber direction because the platelets are composed of continuous
ﬁbers, which, when suspended in a viscous medium, are considered rigid and inextensible. From the analysis, the resulting elongational viscosity in the ﬁber direction
is similar in form to Batchelor [38] and Pipes et al. [4] for ﬁber suspensions in that
it depends on the square of the platelet length to thickness ratio, (L/t)2 . The RVE
used to analyze the rheological behavior of the PPMC micromechically is shown in
Figure 3.2.
The eﬀective elongational viscosity in the ﬁber direction of the inextensible, prepreg
platelet suspension is given by
η11

 2  2
t
L
= η0
δ
t

(3.37)

where δ is the thickness of the resin layer at the platelet-to-platelet interface. For
prepreg platelets, the value of δ can be approximately δ = t/10. For the materials
of interest in this work, the shearing viscosities are predicted by the theory of Pipes
and coworkers for ﬁber suspensions [4].

42

half platelet

quarter platelet

Figure 3.2. Platelet RVE employed in [3, 39] for micromechanical
analysis of eﬀective suspension viscosities.
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3.2.3

Fully Coupled Constitutive Model

Having reviewed the relevant literature on anisotropic ﬂow and ﬁber orientation
analysis, the modeling developments in this work are summarized here.
The prepreg platelet molding compound is treated as a transversely isotropic,
incompressible, viscous ﬂuid. The deviatoric stress is given by Equation 3.38, noting
that the pressure must be treated separately due to the incompressibility.
τij = hηiijkl ε̇kl

(3.38)

where hηiijkl is the orientation averaged viscosity tensor as written in Equation 3.39.
hηiijkl = (η11 − 4η12 + η23 ) aijkl
+ (−η11 /3 + η23 ) (aij δkl + akl δij )
+ (η12 − η23 ) (aik δjl + ail δjk + ajl δik + ajk δik )
+ (η11 /9 − η23 ) (δij δkl ) + η23 (δik δjl + δil δjk )

(3.39)

In this form, the three system viscosities must be measured or predicted micromechanically. Still, they have clear physical meaning and a number of theories are
available to make such predictions. The orientation averaging scheme is employed to
treat arbitrary orientation states and can be used to transform the viscosity tensor
of a single orientation vector into global coordinates in case the orientation state an
an element is deﬁned by an individual orientation.
Jeﬀery’s equation with ξ = 1 (aﬃne motion) is used for the ﬁber orientation model
and ξ = −1 for the platelet normal direction. Although the platelets are modeled as
a transversely isotropic continuum, the platelet normal direction is stored as a state
variable for later use in the structural analysis.
pi = p
ri = q

Fij p0j
Fkm Fkn p0m pn0
Fji−1 rj0
−1 −1 0 0
Fmk
Fnk rm rn

(3.40)
(3.41)
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For the modest ﬂows examined here, the long ﬁbers, and high concentrations, this
orientation evolution model can make physical sense. Additionally, it was decided
to begin with simple models that could be further improved by phenomenological
enhancements as required based upon experimental evidence. To date, there is little
evidence to suggest that this orientation evolution model is inappropriate for the class
of problems and materials investigated here. In the following sections, the numerical
implementation of the anisotropic viscous constitutive model will be presented along
with several veriﬁcation checks. Then, a number of validation studies are presented
to determine if the model predicts the correct physics and has utility.
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4. NUMERICAL IMPLEMENTATION
The constitutive model was implemented into a displacement based ﬁnite element
code via user material models. Abaqus was chosen as the FE code due to the availability of user subroutines and to leverage the robust solver, treatment of anisotropy,
meshing algorithms, and user interface aﬀorded by a commercial tool. The displacement based formulation caused some numerical diﬃculty when implementing a fully
viscous constitutive model, but the introduction of regularization variables helped
address these problems.
Both the implicit and explicit solvers were leveraged in this work. The implicit
solver maintains some beneﬁts over the explicit solver such as fully incompressible
material models and computational eﬃciency. However, mesh distortion limits the
ﬂows that may be analyzed to simple ﬂows with modest deformations.
The explicit solver implemented in Abaqus supports both Eulerian meshing and
the smoothed particle hydrodynamics (SPH) meshless method which enable analysis
of complex geometries and extreme deformations. However, the incompressibility
constraint must be relaxed and the combination of high modulus and low density
materials result in signiﬁcant computationally cost.

4.1

Implicit Solver
The implementation into the implicit FE solver described in [68] is reproduced

here. The constitutive model for coupled ﬂow and ﬁber orientation analysis was
implemented in a displacement-based ﬁnite element code, Abaqus/Standard [131],
as a user subroutine (UMAT) to leverage the robust solver, treatment of anisotropy,
meshing algorithms and user interface. The ﬁber orientations are tracked as state
variables and are updated throughout the simulation assuming aﬃne motion with
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the deformation gradient. Hybrid formulation (C3D8H) elements are used to treat
the incompressibility condition [131]. The necessary computations are managed by
the solver so that only the deviatoric stress is computed by the user. To implement the
user material model for numerical simulation, the new stress and approximate tangent
stiﬀness matrix over a time increment must be computed in the user subroutine
and returned to the solver. Due to the use of hybrid formulation elements, the
implemented constitutive model is of the form given by Equation 4.1, wherein the
new deviatoric stress, τij1 , and the approximate deviatoric tangent stiﬀness matrix,
∂Δτij /∂Δεkl , that must be returned to the solver. The solver provides the initial
deviatoric stress and the initial and ﬁnal deformation gradients, as well as, the strain
and time increments to the subroutine for computation of the new stress and tangent
stiﬀness matrix.

τij = hηiijkl ε̇kl

(4.1)

For implementation of a viscous constitutive relationship using a displacementbased ﬁnite element formulation, the strain rate is approximated from the strain and
time increments as ε̇kl = Δεkl /Δt. It is natural to satisfy the constitutive relationship at the midpoint of the time increment (i.e. midpoint diﬀerencing), however, the
displacement-based formulation may produce jumps in strain rate which can lead to
stress oscillations. These oscillations were suppressed by employing a diﬀerencing
scheme slightly forward of the midpoint in time though the introduction of regularization variables, ξτ , ξη ∈ [0, 1/2], giving the deviatoric stress and viscous stiﬀness
0
tensor as τij = ξτ τij0 + (1 − ξτ )τij1 and hηiijkl = ξη hηiijkl
+ (1 − ξη )hηi1ijkl , where the su-

perscripts 0 and 1 denote the beginning and end of the time increment, respectively.
Midpoint diﬀerencing is recovered by setting the regularization to ξτ = ξη = 1/2.
Substitution of the expressions for strain rate, deviatoric stress, and orientation averaged viscous stiﬀness into Equation 4.1 results in the deviatoric stress update formula
for the stress at the end of the increment, τij1 , given by Equation 4.2. The eﬀect of
ξτ in this expression leads to a fading memory of the stress from previous increments
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as is appropriate for a viscous constitutive relationship. Diﬀerentiation yields the
approximate tangent stiﬀness matrix given by Equation 4.3. As the tangent stiﬀness matrix is only required for eﬃcient convergence of the solution, it was assumed
that the contribution from the ∂hηiijkl /∂Δεkl terms in Equation 4.3 are negligible
compared to those retained. The tangent stiﬀness matrix in Equation 4.3 has units
typical of an elastic stiﬀness as the viscous tensors have been divided by the time
increment. In this way, the solver is tasked in each iteration with solving for Δεkl in
a way indistinguishable from a linear elastic problem unless time step cutbacks are
required in which case the tangent stiﬀness matrix would be recomputed.

τij1 =



1
ξτ
ξη hηi0ijkl + (1 − ξη )hηi1ijkl : Δεkl −
τ0
(1 − ξτ )Δt
1 − ξτ ij


∂Δτij
1
=
ξη hηi0ijkl + (1 − ξη )hηi1ijkl
∂Δεkl
(1 − ξτ )Δt

(4.2)

(4.3)

In the ﬁrst time increment, the initial stress state is ignored and the regularization
variables are set to ξτ = 0 and ξη = 1/2. For subsequent increments, preliminary
results indicate that a value of 0.2 to 0.4 is suﬃcient to mitigate oscillations while
still adequately representing the constitutive relationship. The orientation state is
updated during the time step by the prescribed orientation evolution law (e.g. aﬃne
motion), thus the orientation averaged stiﬀness matrix is updated during each time
step. This approach allows for utilization of the displacement-based ﬁnite element
formulation in the solution of the behavior of an anisotropic, viscous system. Rigorous
veriﬁcation of the model is presented in the appendix. Further details regarding the
implementation of the anisotropic viscous constitutive model can be found in [3].
As the presented model and numerical method is an atypical application of a
purely viscous constitutive model in a displacement-based continuum mechanics solver
typically used for elastic constitutive behavior, several steps were taken to verify that
the viscous behavior is properly captured in the numerical implementation. A subset of representative examples are presented below that demonstrate the constitutive
model was correctly implemented. The input viscosities were computed from Pipes’
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theory [4] for ﬁber suspension with L/D = 1000, f = 60%, in a hexagonally packed
√
array, F = π/ 12 and neat resin viscosity of 1 Pa-s. The resulting viscosity tensor
terms were: η11 = 1.31 MPa-s and η12 = 5.36 Pa-s. The numerical simulations for
the following simple test cases were found to be in good agreement with the analytic solutions; thereby, instilling conﬁdence that the constitutive model was properly
implemented as a user subroutine.
Canonical deformations were applied to a single element to verify that the correct
stress was predicted and that the input viscosities were recovered for collimated orientation states with the principal ﬁber direction coinciding with the x1 -direction (i.e.
pi = [1 0 0]. In these initial veriﬁcation checks, orientation evolution was disabled
to assess the implementation of the viscous stiﬀness tensor without confounding the
results with reorientation eﬀects. Elongational deformation of a single element in
the x1 -direction is shown in Figure 4.1. The element was subjected to a quadratic
displacement boundary condition in the x1 -direction such that a linearly increasing
strain rate is seen resulting in the appropriate linear increase in stress, σ11 . The elongational viscosity in the x1 -direction is the slope of the stress-strain rate curve for
uniaxial extension; thus, the input viscosity of η11 = 1.31 MPa-s is determined and
thereby veriﬁes the implementation. The inset shows the undeformed conﬁguration
(dashed lines) and the deformed conﬁguration (solid lines) of the element, noting the
contraction in the x2 - and x3 -directions due to the incompressibility condition.
Next, the ﬁber orientation model was examined by using the nonlinear geometry
capabilities of the ﬁnite element solver. Figure 4.2 shows the ﬁber reorientation
due to applied simple shearing deformation and the corresponding increased eﬀective
shearing viscosity. The ﬁbers were initially aligned in the x1 -direction and simple
shearing deformation described as u1 = u3 = 0 and u2 = kx1 was applied, where
ui are displacements. The ﬁber reorientation for this deformation is given by pi =
√
[1 k 0]/ 1 + k 2 , where k is the total engineering shear strain. To compare this
analytic result to the numerical simulation with the nonlinear geometry solver, the
√
logarithmic strain is given by γ12 = 4 sinh−1 (k/2)/ 4 + k 2 . The ﬁber reorientation
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Figure 4.1. Stress strain rate response of a single element under
axial elongation. Inset: undeformed conﬁguration (dashed lines) and
deformed conﬁguration (solid lines).

increases the eﬀective shearing viscosity, η12 , as the ﬁbers rotate towards 45◦ from the
x1 -direction as shown in Figure 4.2(b). The signiﬁcant increase in shearing viscosity
can attributed to the anisotropy of the system and the large ratio of the elongation
to shearing viscosity tensor terms.
The behavior for multiaxial orientation states was also examined for three test
ﬁbers per integration point within each element (i.e. Np = 3) with initial orientations
of 0◦ , +60◦ , and -60◦ with respect to the x1 -direction and in the x1 x2 -plane. A single element was subjected to elongation in the x1 -direction. In developing analytic
expressions to describe this deformation, it was convenient to suppress deformation
in the x3 -direction while allowing contraction only in the x2 -direction. Consequently,
normal stresses in the x1 - and x3 -directions were present and evolved during the
deformation with the ﬁber reorientation. The extension in the x1 -direction (and subsequent contraction in the x2 -direction resulting from the incompressibility condition)
produced ﬁber reorientation towards the x1 -direction. Figure 4.3(a) shows the resulting ﬁber reorientation as the angle from the x1 -direction and Figure 4.3(b) shows the
stress to strain rate ratios σ11 /ε̇11 and σ33 /ε̇11 predicted by the numerical simulation
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a.

b.

Figure 4.2. (a) Fiber reorientation due to shearing deformation and
(b) eﬀective shearing viscosity.

compared to the analytic solution. The ﬁber reorientation is shown schematically in
Figure 4.3(a) where the deformation in the ﬁnal state is scaled for ease of visualization.
The use of the regularization variables in suppressing oscillations in solutions
obtained due to displacement-based calculations is shown in Figure 4.4. Uniaxial
extension was applied in two sections of constant strain rate, given by Equation 4.4,
resulting in discontinuities at t = 0 and 0.5 seconds, as shown in the inset, Figure
4.4(b).
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a.

pi

pi

b.

Figure 4.3. Response of a single ﬁnite element with three test ﬁbers
per integration point; (a) ﬁber reorientation of 0◦ , +60◦ , and -60◦
degree ﬁbers due to elongation and (b) resulting stresses.
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ε̇11

⎧
⎨ 0.125, for 0.0 ≤ t ≤ 0.5
=
⎩ 0.250, for 0.5 < t ≤ 1.0

(4.4)

In Figure 4.4, the solid line results are not regularized (ξη = ξτ = 0.5) and the
constitutive equations are satisﬁed at the midpoint of each increment. However, the
correct initial stress was predeﬁned by performing preliminary computations prior
to the numerical simulation (i.e. the initial stress was set equal to the stress at
0
1
= σ11
). Thus, the correct value of the initial stress is
the ﬁrst time increment, σ11

predicted without oscillations for the ﬁrst half of the simulation, but the jump in strain
rate occurring at t = 0.5 s, causes oscillations about the correct stress value due to
midpoint diﬀerencing (i.e. the constitutive equations are satisﬁed at the midpoint of
the increment). Although setting the correct initial stress is possible in some cases, it
is impractical in general. Therefore, the stress was fully regularized (ξη = 0.5, ξτ = 0)
for the ﬁrst increment such that the initial stress need not be deﬁned as shown by
the dashed line in Figure 4.4. At the next strain rate discontinuity, the oscillations
are quickly damped by moderate regularization (ξη = ξτ = 0.25). While the authors
view this approach as feasible, further investigation is required to fully characterize
the eﬀect of the regularization variables on future solutions.

4.1.1

Hybrid Formulation

To treat the incompressibility constraint, hybrid formulation elements (C3D8H)
are used in the implicit solver [131]. Some of the theory behind the mixed or hybrid
formulation will be reproduced here from [131]. The displacements cannot be solved
for uniquely for the incompressible case because an arbitrary hydrostatic pressure may
be added without aﬀecting the deformation. For nearly incompressible materials, the
stress becomes highly sensitive to small changes in strain due to the large (or inﬁnite
in the case of fully incompressible) bulk modulus. This can lead to numerical precision
errors in a purely displacement-based formulation.
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b.

Figure 4.4. Stress oscillations caused by instantaneous changes in
strain rate (inset) damped by regularization.

By treating the pressure as an independent variable, the singular behavior can be
removed. Thus a mixed formulation is used where the independent variables are a
mixture of the displacements and the pressure stress and the variational principle is
augmented with a Lagrange multiplier. Technically, a hybrid formulation is used to
avoid solver diﬃculties caused by a purely mixed formulation.
The Cauchy stress is modiﬁed by adding an independent pressure, p̂, as
σ̄ij = σij + (1 − ρ̂)(p − p̂)δij

(4.5)

where p = σkk /3 and ρ̂ = 1 × 10−9 to avoid solver diﬃculties, hence, the hybrid
formulation. Setting ρ̂ = 0 corresponds to the purely mixed formulation. Now, the
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virtual work expression uses the modiﬁed Cauchy stress equation and is augmented
with a Lagrange multiplier as
Z


δW =
σ̄ij δεij + J −1 δλ(Δp − Δp̂) dV

(4.6)

V

where J is the Jacobian, δλ is a Lagrange multiplier, and Δp̂ is independent pressure variable that is interpolated over the element such that the incompressibility
constraint is satisﬁed on average. After some clever manipulations and choosing


1
1
(4.7)
δλ = (1 − ρ̂)J
δij Cijkl δεkl − δij δεij + δp̂
3K
K
the rate of virtual work can be found. To write a user material model with hybrid
formulation elements, only the deviatoric stress and tangent stiﬀness matrix must be
returned to the solver. The solver handles the incompressibility constraint internally
as described above.

4.2

Explicit Solver
Hybrid incompressible formulation elements are not available in Abaqus/Explicit.

To implement the constitutive model into the explicit solver, the incompressibility
constraint must be relaxed. A viscoelastic model is implemented with an elastic
bulk modulus acting as a penalty on volumetric strain. The constitutive equations
implemented in the explicit solver are given by Equation 4.8
σij = hηiijkl Δεkl /Δt + K (Fkk − 1) δij

(4.8)

where δt is the time increment, K, is the elastic bulk modulus, and Fij is the deformation gradient. In the explicit solver, the new stress must be computed in the
subroutine at the end of the current time increment. The orientation averaged viscosity is computed from the updated ﬁber orientations and the volumetric strain is
the volumetric strain at the end of the increment.
The elastic bulk modulus is a numerical parameter that depends on the viscosities
and ﬂow conditions. It should be chosen to reduce the volumetric strain to an acceptable level. The fully incompressible case cannot be modeled in an explicit solver or
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the stable time increment would tend to zero. Thus, a heuristic should be developed
to determine an appropriate elastic bulk modulus.
2  η11 
2
F11 F22
−1=
9 K

F˙ 11 F˙ 22
−
F11 F22

!
(4.9)

In the limiting case as K → ∞, which corresponds to the fully incompressible case,
√
the solution to Equation 4.9 is F22 = 1/ F11 . In this case, the pressure is given by
Equation 4.10.
1 F˙ 11
P = − η11
3 F11

(4.10)

The normalized pressure computed for a single ﬁnite element is compared to the
analytic solution for the fully incompressible case and for various values of the elastic
bulk modulus in Figure 4.5. If the bulk modulus is large enough (i.e. K/(η11 ε̇11 ) =
101 ), the solution approaches the fully incompressible case. Relaxing the bulk modulus, the pressure does not jump instantaneously. For K/(η11 ε̇11 ) = 10−1 , the lag in
pressure may be unacceptable and result in excessive volumetric strain. These results
provide a heuristic to determine a preliminary value for the elastic bulk modulus. In
practice, the value requires some tuning to reduce the volumetric strain to an acceptable level. In the simulations reported in Chapter 6, the volumetric strain was
typically less than one percent.

4.2.1

Explicit Time Incrementation

The stable time increment can be approximated by
Δt ≈ Lmin /cd

(4.11)

where Lmin is the smallest element dimension in the mesh and cd is the dilatational
wave speed [131]. The dilatational wave speed comes from the eﬀective material mod-
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Figure 4.5. Inﬂuence of penalizing elastic bulk modulus on the pressure.

ulus as shown here, following [131] and adopting the same notation. The hypoelastic
stress-strain equations are
Δp = (3λ̂ + 2µ̂Δεvol )

(4.12)

ΔS = 2µ̂Δe

(4.13)

where Δp is the pressure increment, ΔS is the deviatoric stress increment, Δεvol is
the volumetric strain increment, and Δe is the deviatoric strain increment. Then, the
eﬀective moduli are given by
3K̂ = 3λ̂ + 2µ̂
ΔS : Δe
Δe : Δe
1
λ̂ + 2µ̂ = (3K̂ + 4µ̂)
3
2µ̂ =

(4.14)
(4.15)
(4.16)

Now, the dilatational wave speed is
s
cd =

λ̂ + 2µ̂
ρ

(4.17)
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where ρ is the material density. Clearly, the mesh density, material modulus, and
material density control the stable time increment. Coarse elements, low modulus
materials, and high density materials would result in a relatively large stable time
increment and a computationally eﬃcient solution. In many cases, however, a combination of factors results in small stable time increments. Sometimes, the stable time
increment can be so small, that the wall clock run time could be on the order of weeks
or the roundoﬀ error would become large enough to damage the quality of the results,
even when running double precision. Abaqus/Explicit runs with single precision by
default but the use of double precision is recommended for analyses requiring more
than 3 × 105 increments [131].
Unfortunately, for long ﬁber reinforced, polymer composites, the moduli can be
large, while the density is relatively low. Additionally, the mesh density requirements
can make the analysis computationally prohibitive due to the small time increment.
A common technique to address the computational expense is mass scaling. By artiﬁcially increasing the mass, the time increment can be driven up. If the additional
mass is excessively large, the dynamics of the solution may have been unintentionally
altered. Thus, caution must be exercised when mass scaling explicit simulations to
ensure that the model behaves as properly and there are not unintended consequences
caused by the added mass. For example, if too much mass is added to the ﬂow simulations, inertial eﬀects dominate the behavior and the viscous constitutive behavior
is overshadowed.
Abaqus oﬀers automatic mass scaling procedures, but the material density can
also be scaled manually by the user. A few options for automatic mass scaling are
available in Abaqus. First, the mass can be scaled uniformly to give a speciﬁed
minimum stable time increment. Or, mass can be selectively added to each element
as required. This approach for automatic mass scaling can be quite convenient if the
mesh contains a few very small elements which are causing the time increment to be
exceedingly small. Automatic mass scaling is also beneﬁcial because it prevents the
time increment from decreasing as the solution progresses.
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All of the explicit simulations reported in this work included some level of mass
scaling. Automatic mass scaling was found to be useful to prevent a rapid drop in
stable time increment if the elements shrunk due to the compression. In many cases,
increasing the density manually was found to be suﬃcient. If ﬂow ﬁeld and resulting
ﬁber orientations are the primary objective of a simulation, it could be possible to
slightly reduce the eﬀective viscosity in the ﬁber direction. In lubricated squeeze ﬂow,
the ﬂow front behavior saturated as the anisotropy ratio increased in such a way that
the viscosity in the ﬁber direction acted like a numerical penalty to inhibit extension
in the ﬁber direction. Thus, the calculation of the correct ﬂow ﬁeld may not require
the actual anisotropy ratio if it is suﬃciently large.

4.2.2

Solution Controls

Abaqus/Explicit includes a number of available solution controls to stabilize the
numerical procedure. Understanding the eﬀects of the numerical stabilization parameters can be useful in developing material models and simulations. One such
parameter of interest is bulk viscous damping, included by default, to damp high frequency ”ringing” (linear bulk viscosity, b1 ) and prevent element collapse (quadratic
bulk viscosity, b2 ) [131]. The quadratic bulk viscosity is only applied for compressive
volumetric strains. The pressure added from linear bulk viscosity, pbv1 , is given by
Equation 4.18. The pressure from the quadratic bulk viscosity is given in Equation
4.19. For the sake of brevity, only the linear bulk viscosity is discussed here.
pbv1 = b1 ρcd Le ε̇vol

(4.18)

pbv2 = ρ(b2 Le ε̇)2

(4.19)

Substituting the expression for the dilatational wave speed into Equation 4.18 for the
pressure contribution from the linear bulk viscosity gives
√

pbv1 = b1 ρ

q

ˆ + 4µ̂/3 Le ε̇vol
K

(4.20)
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For comparison, the pressure from the constitutive model is given by
pcon. = −Kεvol

(4.21)

A test of the bulk viscous damping parameter is performed here using a single
ﬁnite element. In the ﬁrst step, the element is subjected to uniform expansion, increasing the volume as shown in Figure 4.6. Isotropic viscosities are used here and
the volumetric and deviatoric behaviors are decoupled. Recall that the material is
modeled as nearly incompressible with an elastic bulk modulus which penalizes volumetric strain. After stretching the element (by a linear displacement ramp), the
boundary condition is released and the element springs back to the original shape
and the pressure should vanish. The element should immediately return to the original shape, but the bulk viscosity damps the deformation. The applied deformation
gradient from t = 0 to t = 1 is
⎡

1+δ

⎢
⎢
Fij = ⎢ 0
⎣
0

0

0

⎤

⎥
⎥
1+δ
0 ⎥
⎦
0
1+δ

(4.22)

Figure 4.7 shows the inﬂuence of the linear bulk viscosity on the spring back
behavior. For b2 = 0, η0 = 1×104 Pa-s, K = 1×104 Pa, the default value for the linear
bulk viscosity (b1 = 0.06) substantially damps the volumetric behavior. Decreasing
the linear bulk viscosity speeds up the spring back. For values of b1 = 0.006 or
b1 = 0.003, the spring back is nearly instantaneous. Turning oﬀ the bulk viscous
damping completely (i.e. b1 = b2 = 0) causes severe oscillations.
Equation 4.20 shows that the elastic bulk modulus and eﬀective shear modulus
inﬂuence the pressure added due to linear bulk viscosity. Increasing the elastic bulk
modulus or the viscosity increase the added pressure. However, the pressure contribution from the constitutive model depends linearly on the bulk modulus. Thus,
increasing the elastic bulk modulus diminishes the eﬀects of the relative pressure
contribution from bulk viscous damping. Although the volumetric and deviatoric behavior are decoupled in the constitutive model, increasing the viscosity exacerbates
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Figure 4.6. Deformed and undeformed shapes of a single ﬁnite element
subjected to u1 = u2 = u3 = δ.

the bulk viscous damping eﬀects. The inﬂuence of the ﬂuid viscosity on the volumetric behavior is shown in Figure 4.8 for b1 = 0.06, b2 = 0, K = 1 × 104 Pa. The viscous
term in the constitutive model should not contribute to the deformation applied to
the ﬁnite element, but it enters the solution in the numerical stability controls. For
η0 = 1 × 106 Pa-s, the element does not spring back to the original shape within the 1
s time interval. As the viscosity is decreased, the spring back speeds up because the
pressure added for numerical stability decreases. For η0 = 1 × 100 Pa-s, the spring
back is almost instantaneous and even includes a slight overshoot in pressure.
Bulk viscous damping is required for numerical stability of the solution and understanding the consequences of the stability controls improves the ability to develop
an accurate computational model. In this section, the pressure contribution from
linear bulk viscosity was studied using the spring back behavior of a single ﬁnite element subjected to uniform expansion. Subsequent simulations reported in this work
include bulk viscous damping with the default value of b1 = 0.06. The elastic bulk
modulus is used as a tuning parameter to ensure that (i) volumetric deformations are
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Figure 4.7. Inﬂuence of linear bulk viscosity damping coeﬃcient on
volumetric behavior (b2 = 0, η0 = 1 × 104 Pa-s, K = 1 × 104 Pa).

minimized and (ii) the bulk viscous damping does not override the constitutive model
resulting in incorrect results.

4.3

Smoothed Particle Hydrodynamics
To treat the extreme deformations with a Lagrangian meshing scheme, the smoothed

particle hydrodynamics (SPH) method was employed. SPH is a meshless particle method ﬁrst developed for astrodynamics applications by Gingold and Monaghan [132] and Lucy [133]. SPH was found to be useful for other complex physics
although existing methods may be more accurate for some problems [134]. Liber-
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Figure 4.8. Inﬂuence of neat matrix shearing viscosity on linear bulk
viscosity damping coeﬃcient and volumetric behavior (b1 = 0.06, b2 =
0, K = 1 × 104 Pa).

sky et al. [135] analyzed the dynamic material response of high velocity impact with
SPH noting the usefulness of the method for modeling large strains in a Lagrangian
framework. A detailed discussion of SPH theory and applications is given by Liu and
Liu [136]. A brief overview is given here.
The SPH method is a numerical discretization of partial diﬀerential equations
(PDEs) using functional approximations of ﬁeld variables which yields a set of discretized ordinary diﬀerential equations (ODEs) in time [136]. The ODEs are then
solved using classical ﬁnite diﬀerence methods. The following list, reproduced from
[136], summarizes the critical aspects of the SPH method:
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1. The problem domain is represented by a set of arbitrarily disturbed particles, if
the domain is not yet in the form of particles. No connectivity for these particles
is needed. (Meshfree)
2. The integral representation method is used for ﬁeld function approximation.
This is termed in the SPH method as the kernel approximation. (Integral function representation)
3. The kernal approximation is then further approximated using particles. This is
termed in SPH as particle approximation. It is done by replacing the integration in the integral representation of the ﬁeld function and its derivatives with
summations over all the corresponding values at the neighboring particles in a
local domain called the support domain. (Compact support)
4. The particle approximation is performed at every time step, and hence the
use of the particles depends on the current local distribution of the particles.
(Adaptive).
5. The particle approximation is performed to all terms related to ﬁeld functions
in the PDEs to produce a set of ODEs in discretized form with respect to time
only. (Lagrangian)
6. The ODEs are solved using an explicit integration algorithm to achieve fast
time stepping, and to obtain the time history of all the ﬁeld variables for all the
particles. (Dynamic) [136]
To summarize, the SPH method is a meshless numerical discretization method
that can be used for continuum mechanics problems. The SPH method is available in
Abaqus/Explicit [131] with robust features including tensile instability control [137]
and the ghost particle method for contact problems [138].
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5. SQUEEZE FLOW
5.1

Anisotropic Squeeze Flow
In this section, the main portion of [68] is reproduced with additional information

that was excluded from the article. The numerical implementation and veriﬁcation
described in the appendix of [68] is thoroughly discussed in Section 4.1.

Abstract
The inﬂuence of anisotropic viscosity on ﬁber orientation evolution in classic
squeeze ﬂow is examined with a viscous ﬁber suspension of speciﬁed initial orientation state. The components of the anisotropic viscosity tensor for a well dispersed
and collimated ﬁber suspension developed in micromechanical analyses earlier by one
of the authors were combined in an orientation averaging approach to produce the
eﬀective suspension viscosity components for arbitrary orientation states. A coupled
anisotropic viscosity constitutive relationship was numerically implemented into a
displacement-based ﬁnite element code for nonlinear analysis of ﬂow and ﬁber orientation. The numerical method was veriﬁed by agreement between predicted and
observed responses for a single element subjected to canonical states of deformation.
Evolution of ﬁber orientation during the deformation processes was conﬁrmed by
analytic predictions. This approach was validated by examining squeeze ﬂow of a
ﬁber suspension studied earlier both analytically and experimentally. The present
analysis was found to be in excellent agreement with experimental data and clearly
demonstrated that evolution of ﬁber orientation and the resulting eﬀective anisotropic
viscosity tensor were essential to the correct predictions.
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5.1.1

Introduction

Processing of highly concentrated, long ﬁber composites is of interest for manufacturing structural components with substantial mechanical performance. Accurate, predictive molding simulation capabilities for the ﬁber orientation state, knit
line locations, and ﬁll times can drive the material selection, tool and part design,
and mechanical performance predictions. However, the rheological behavior of long
ﬁber suspensions in the concentrated regime is highly anisotropic during processing [4,38,56,57,69,72,114]. Further, research performed in the area of ﬁber orientation
kinetics and orientation evolution derived from Jeﬀerys equation has dominated the
ﬁeld [22,23,25,26,139]. Tucker [114] discusses regimes of ﬂow occurring in narrow gaps
based on the degree of anisotropy, gap thickness, and out of plane orientation. For low
degrees of anisotropy and suﬃciently thin gaps, the governing equations of ﬂuid ﬂow
and orientation evolution are decoupled. However, for relatively thick gaps and high
anisotropy, gap direction behavior becomes plug like with in-plane behavior governed
by anisotropy. While the conclusion of uncoupled behavior may be appropriate for
many injection molding ﬂows, compression molding with highly concentrated, long
ﬁber composites is more aptly described by the latter scenario of plug ﬂow with highly
anisotropic in-plane behavior. Thus, a coupled ﬂow analysis, in which the anisotropic
viscosity of the suspension and ﬁber orientation are mutually inﬂuential, is required
to model the behavior of the long ﬁber suspensions of interest under general ﬂow
scenarios.
A number of researchers studied the anisotropic response of ﬁber suspensions
to predict the terms of the anisotropic viscosity tensor (e.g. [4, 38, 113, 125]). For a
collimated ﬁber suspension, the elongational viscosity in the ﬁber direction was found
to be proportional to the square of the ﬁber aspect ratio while the shearing viscosities
were determined to be a function of ﬁber volume fraction [4, 38, 113, 118, 125]. Thus,
for long discontinuous ﬁbers, the eﬀective viscosity tensor is highly anisotropic with
maximum elongational viscosity in the ﬁber direction. Further studies have shown the
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inﬂuence of ﬁber length [36, 37, 80] and orientation state [72] on the processability of
ﬁber suspensions. Anisotropic, viscous constitutive relationships have been developed
[4, 42, 45, 47, 51] and applied to speciﬁc problems [50, 53, 56, 57, 59, 140, 141]. Ericsson
et al. [56] derived a coupled analytic solution for squeeze ﬂow from an anisotropic
constitutive model and predicted the elliptical ﬂow front of ﬁber suspensions with
preferential ﬁber alignment and compared predictions to experiments. The ﬂow front
evolution was found to be highly anisotropic and strongly coupled with the ﬁber
orientation state.
The present work develops a coupled ﬂow and ﬁber orientation analysis model
and presents a method for numerical implementation in a continuum mechanics ﬁnite
element code as a user subroutine. In this way, the robust capabilities of a classical
ﬁnite element methods for anisotropic continua may be leveraged to perform process
simulation with a coupled constitutive model. The constitutive equations have been
formulated and numerically implemented in a nonlinear, implicit, displacement-based
ﬁnite element solver, Abaqus/Standard [131], using hybrid formulation elements to
solve general three-dimensional ﬂow problems using displacement-based ﬁnite element
methods. Clearly, the ﬁnite-element approach presented here can be limited by severe
mesh distortion in the Lagrangian meshing scheme, yet can readily treat anisotropy.
Ongoing work by the authors is focused on developing methods more suitable for
extreme distortions to simulate complex ﬂows.
The numerical implementation of the proposed approach has been rigorously veriﬁed by systematically applying canonical states of deformation to individual ﬁnite
elements to conﬁrm that the constitutive model and ﬁber orientation evolution model
were correctly implemented (see Appendix). Next, the model was applied to simulate
the squeeze ﬂow experiments performed by Ericsson et al. [56] using the aforementioned coupled ﬂow and ﬁber orientation analysis method. The predicted behavior
showed excellent correlation to the work of Ericsson et al. [56] and demonstrated
that a coupled ﬂow and ﬁber orientation model is required to capture the observed
behavior.
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5.1.2

Constitutive Modeling

To couple the ﬂow and ﬁber orientation analysis, the viscosity tensor must be
dependent on the orientation state and the orientation evolution must occur simultaneously with the calculation of the ﬂow ﬁeld. In this work, an anisotropic, viscous
constitutive relationship (analogous to anisotropic elasticity) was chosen to model
the rheological behavior of ﬁber suspensions with aﬃne motion assumed as the ﬁber
orientation evolution method. Fiber-ﬁber interaction is typically captured through
diﬀusion in orientation models to prevent nonphysical collimation of the orientation
state [23,25,100,139]. Anisotropy can result in similar orientation behavior, resistance
to collimation, in free extensional ﬂows caused by the preference to ﬂow transverse
to the ﬁber direction. Thus, diﬀusion characteristics have been neglected in an eﬀort
to isolate anisotropic eﬀects and not prematurely introduce ﬁtting parameters. The
contribution of ﬁber-ﬁber interactions to the stress has also been neglected. However,
it should be noted that a primary asset of the present approach is the open platform
through which additional modiﬁcations may be readily implemented.

Fiber Orientation Analysis
Fiber orientation analysis requires (i) a description of the orientation state and
(ii) an equation of change. The orientation of a single ﬁber in space is represented by
a unit vector, pi , given by Equation 5.1, where pi and −pi represent the same ﬁber
orientation due to the transversely isotropic geometry.
⎧ ⎫ ⎧
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
sin θ cos φ⎪
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⎪
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⎪
⎪
⎪
⎩p ⎪
⎭ ⎪
⎩ cos θ ⎪
⎭

(5.1)

3

The probability distribution of an arbitrary orientation state is best represented
by an orientation distribution function (ODF); however, it is computationally prohibitive to track the entire ODF during a ﬂow simulation [24]. Orientation tensors
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are commonly used to reduce the computational cost, yet results in a closure problem [24]. The test ﬁber representation was employed in Ref. [56,84,142,143], wherein
a subset of orientations from the ODF are tracked throughout the simulation. In
the present analysis, the test ﬁber representation was selected to represent arbitrary
orientation states by tracking a number of test ﬁbers, Np , where the nth test ﬁber has
(n)

(n)

an orientation, pi , and associated volume fraction, vp . The Lagrangian meshing
scheme more naturally allows for the use of test ﬁbers in that material advection
between neighboring elements need not be considered as in Eulerian meshes typically
used in computational ﬂuid dynamics. In the limit as Np → ∞, the orientation distribution function, Ψ(θ, φ), can be deﬁned. The number of test ﬁbers required to
describe physical orientation states naturally depends on the material system (i.e.
typical volume of material that can be describe by a single orientation) and mesh
density (i.e. element volume). The focus of this work lies in modeling concentrated,
long ﬁber systems such that a relatively small number of test ﬁbers (< 10) per integration point is physically admissible. In these cases, it is inappropriate to assign
an orientation tensor or orientation distribution function to an integration point due
to the small number of ﬁber orientations at that location. Though some expressions
presented here are in terms of orientation tensors, the test ﬁber representation is the
fundamental orientation descriptor used in the computations.
Aﬃne motion is assumed for the orientation evolution model wherein the ﬁbers
reorient with the deformation gradient as given by Equation 5.2. The new ﬁber
orientation vector, pi , is computed from the incremental deformation gradient, FijΔ ,
and the ﬁber orientation from the previous time step, qj , and normalized to remain
a unit vector. This approach has been shown to be equivalent to Jeﬀerys equation
for L/D → ∞ (e.g. long ﬁbers) [56, 144]. Moreover, aﬃne motion can make physical
sense for long ﬁber composites and high concentrations, while Jeﬀerys equation was
developed for dilute suspensions.
FijΔ qj

pi = p

Δ
Δ
Fkn
qm qn
Fkm

(5.2)
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Anisotropic Viscosity Tensor
In this work, long discontinuous ﬁber suspensions were treated as a homogeneous,
incompressible, anisotropic viscous continuum wherein the eﬀective anisotropic viscosities are computed micromechanically for a collimated orientation state. The x1 direction was the principle ﬁber direction for the micromechanical homogenization of
the collimated ﬁber suspension. The incompressible, transversely isotropic, viscous
constitutive equations are given by Equation 5.3, where the three system viscosities
−1
−1
−1
are: η11 = β11
, η23 = β44
, and η12 = β66
[4]. Equation 5.3 cannot be inverted directly

due to the incompressibility condition, so an appropriate suitable pseudo-inverse [115]
was employed to relate the deviatoric stress (τij = σij + P δij , where P = −σkk /3) to
the strain rate in the form τij = ηijkl ε̇kl .
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(5.3)

An orientation averaging scheme [24] was utilized to compute the anisotropic
viscosity tensor for an arbitrary orientation state in the global coordinate system given
by Equation 5.4 [3], where aij and aijkl are the second and fourth order orientation
tensors [24] and h i denotes volume averaging. Thus, the viscosity and the ﬁber
orientation are coupled.

hηiijkl = (η11 − 4η12 + η23 )aijkl + (−η11 /3 + η23 )(aij δkl + akl δij )
+ (η12 − η23 )(aik δjl + ail δjk + ajl δik + ajk δil )
+ η23 (δik δjl + δil δjk )

(5.4)
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The form of the constitutive relationship is similar to that presented by Hinch and
Leal [43], Ericksen [42], and Hand [49].

5.1.3

Micromechanical Models for Anisotropic Viscosites

The eﬀective response of ﬁber suspensions has been the focus of numerous studies
[4, 38, 45, 113, 125] including the notable works of Batchelor [38] and Pipes et al. [4]
in which the elongational viscosity in the ﬁber direction of a collimated system of
well dispersed ﬁbers was found to be proportional to the square of the ﬁber aspect
ratio, L/D. Pipes et al. [4] further derived the eﬀective shearing viscosities as a
function of the ﬁber volume fraction. The homogenized viscosities derived by Pipes
et al. [4] are given by Equations 5.5 and 5.6 where is the neat ﬂuid viscosity, κ−1 =
p
√
1− f /F and F = π4 or F = 12 for square or hexagonal packing, respectively. The
dependence on (L/D)2 can cause the eﬀective homogenized continuum to be highly
anisotropic where the elongational viscosity in the ﬁber direction can be several orders
of magnitude larger than the shearing viscosities or transverse elongational viscosities.
These expressions were used in this work as inputs to the analysis to populate the
viscosity terms in Equations 5.3 and 5.4.

η11 =

ηf
(κ − 1)(L/D)2
2

η12 = η23 = ηκ

(5.5)
(5.6)

These terms were derived for the concentrated regime [4], thus they are considered to be appropriate for the subsequent squeeze ﬂow analysis. In general, the input
viscosities may be determined using various methods, however, the viscosity model
should be carefully chosen to suit the heterogeneous material system. In the present
analysis, the constitutive model was assumed to be Newtonian without rate or temperature dependence.
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5.1.4

Numerical Implementation of the Fully Coupled Constitutive Model

The constitutive model for coupled ﬂow and ﬁber orientation analysis was implemented in a displacement-based ﬁnite element code, Abaqus/Standard [131], as
a user subroutine (UMAT) to leverage the robust solver, treatment of anisotropy,
meshing algorithms and user interface. The ﬁber orientations are tracked as state
variables and are updated throughout the simulation using Equation 5.2. Hybrid formulation (C3D8H) elements are used to treat the incompressibility condition [131].
The necessary computations are managed by the solver so that only the deviatoric
stress is computed by the user. To implement the user material model for numerical
simulation, the new stress and approximate tangent stiﬀness matrix over a time increment must be computed in the user subroutine and returned to the solver. Due
to the use of hybrid formulation elements, the implemented constitutive model is of
the form given by Equation 5.7, wherein the new deviatoric stress, τij1 , and the approximate deviatoric tangent stiﬀness matrix, ∂Δτij /∂Δεkl , that must be returned to
the solver. The solver provides the initial deviatoric stress and the initial and ﬁnal
deformation gradients, as well as, the strain and time increments to the subroutine
for computation of the new stress and tangent stiﬀness matrix.

τij = hηiijkl ε̇kl

(5.7)

For implementation of a viscous constitutive relationship using a displacementbased ﬁnite element formulation, the strain rate is approximated from the strain and
time increments as ε̇kl = Δεkl /Δt. It is natural to satisfy the constitutive relationship at the midpoint of the time increment (i.e. midpoint diﬀerencing), however, the
displacement-based formulation may produce jumps in strain rate which can lead to
stress oscillations. These oscillations were suppressed by employing a diﬀerencing
scheme slightly forward of the midpoint in time though the introduction of regularization variables, ξτ , ξη ∈ [0, 1/2], giving the deviatoric stress and viscous stiﬀness
0
tensor as τij = ξτ τij0 + (1 − ξτ )τij1 and hηiijkl = ξη hηiijkl
+ (1 − ξη )hηi1ijkl , where the su-
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perscripts 0 and 1 denote the beginning and end of the time increment, respectively.
Midpoint diﬀerencing is recovered by setting the regularization to ξτ = ξη = 1/2.
Substitution of the expressions for strain rate, deviatoric stress, and orientation averaged viscous stiﬀness into Equation 5.7 results in the deviatoric stress update formula
for the stress at the end of the increment, τij1 , given by Equation 5.8. The eﬀect of
ξτ in this expression leads to a fading memory of the stress from previous increments
as is appropriate for a viscous constitutive relationship. Diﬀerentiation yields the
approximate tangent stiﬀness matrix given by Equation 5.9. As the tangent stiﬀness matrix is only required for eﬃcient convergence of the solution, it was assumed
that the contribution from the ∂hηiijkl /∂Δεkl terms in Equation 5.9 are negligible
compared to those retained. The tangent stiﬀness matrix in Equation 5.9 has units
typical of an elastic stiﬀness as the viscous tensors have been divided by the time
increment. In this way, the solver is tasked in each iteration with solving for Δεkl in
a way indistinguishable from a linear elastic problem unless time step cutbacks are
required in which case the tangent stiﬀness matrix would be recomputed.

τij1 =



1
ξτ
ξη hηi0ijkl + (1 − ξη )hηi1ijkl : Δεkl −
τ0
(1 − ξτ )Δt
1 − ξτ ij


∂Δτij
1
=
ξη hηi0ijkl + (1 − ξη )hηi1ijkl
(1 − ξτ )Δt
∂Δεkl

(5.8)

(5.9)

In the ﬁrst time increment, the initial stress state is ignored and the regularization variables are set to ξτ = 0 and ξη = 1/2. For subsequent increments, preliminary
results indicate that a value of 0.2 to 0.4 is suﬃcient to mitigate oscillations while
still adequately representing the constitutive relationship. The orientation state is updated during the time step by the prescribed orientation evolution law (e.g. aﬃne motion given by Equation 5.2), thus the orientation averaged stiﬀness matrix is updated
during each time step. This approach allows for utilization of the displacement-based
ﬁnite element formulation in the solution of the behavior of an anisotropic, viscous
system. Rigorous veriﬁcation of the model is presented in the appendix. Further details regarding the implementation of the anisotropic viscous constitutive model can
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be found in Ref. [3]. The subsequent squeeze ﬂow simulation was found to correlate
well with reported experimental data [56], thereby validating the numerical model for
coupled ﬂow analysis of long ﬁber suspensions.

5.1.5

Squeeze Flow Analysis

Squeeze ﬂow of ﬁber suspensions has been extensively studied [36, 37, 46, 57, 69–
72, 80, 112, 141]. Experiments and analysis by Ericsson et al. [56] demonstrate the
highly anisotropic rheological behavior of squeeze ﬂow of ﬁber suspensions with a
non-isotropic initial orientation state. In this case, the anisotropic orientation state
was a direct result of a prior processing step. The resulting deformation of the circular
preform was predominately transverse to the primary ﬁber direction; thereby, forming
an elliptical ﬂow front. Ericsson et al. [56] developed a simple analytic model for
coupled ﬂow and ﬁber orientation analysis to predict the ﬂow front which was found
to correlate well to the measured data. The following analysis was developed to
simulate the experiments from [56] using the present model for coupled ﬂow and ﬁber
orientation analysis. The primary objective of this analysis was to predict the correct
macroscopic geometry of the ﬂow front as observed experimentally. Further, the ﬁber
orientation evolution and compression stress were also predicted.

Numerical Modeling of Squeeze Flow
A numerical model was developed to analyze the experiments performed by Ericsson et al. [56]. The specimen geometry and boundary conditions for lubricated
squeeze ﬂow are shown in Figure 5.1 with initial thickness, h0 = 3.7 mm and initial
radius, R0 = 25 mm. The eﬀective viscosities for the concentrated suspension were
computed from Equations 5.5 and 5.6 [4] for ﬁber aspect ratio L/D = 1000 and ﬁber
volume fraction of f = 7.8%. The elongational viscosity in the ﬁber direction was
scaled by a factor of 2/3 to account for the assumed uniform distribution of ﬁber
overlap lengths [4]. The viscosity of the neat resin was assumed to be unity because
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the ﬂow front position with time and ﬁber orientation evolution are the primary outputs, so that the eﬀective anisotropic viscosities need only be in correct proportion
to one another.

Figure 5.1. Geometry and boundary conditions for lubricated squeeze
ﬂow with preferential ﬁber alignment.

Ericsson et al. [56] reported the initial ﬁber orientation distribution measured from
a representative specimen as shown in Figure 5.2(a). The preferential alignment in
the x1 -direction was a result of a prior processing step in manufacturing the test samples [56], but ﬁber alignment could also result from ﬂow conditions within the mold.
A schematic showing ﬁber orientations generated from this orientation distribution is
shown in Figure 5.2(b). However, the resulting fourth-order orientation tensor computed from the orientation distribution in Figure 5.2(a) was slightly diﬀerent than the
reported averages from several specimens seen in Table 5.1. Performing the following
simulations using the example distribution from Figure 5.2(a), while matching a few
experimental data points, did not capture the average results well. Therefore, the
orientation distribution reported by Ericsson et al. [56] was modiﬁed by applying a
small amount of elongation and shearing deformation to the distribution resulting
in orientation tensor components consistent with those in Table 5.1, while retaining
the general shape and characteristics of the experimentally measured ﬁber orientation distribution. To do so, 2 × 104 orientation vectors were generated to represent
the orientation distribution in Figure 5.2(a) and the orientations were evolved using
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−1
Equation 5.2 for the applied deformation F = [[F11 F12 0]; [0 F11
0]; [0 0 1]] , where

F11 = 1.073 and F12 = 0.328. The values for F11 and F12 were found by minimizing
the diﬀerence between the orientation tensor components computed from the test
ﬁber set and the average orientation tensor components reported in Ref. [56]. The
resulting ﬁber orientation distribution is shown in Figure 5.2(c). Then, the orientation distribution from Figure 5.2(c) was used to generate the initial ﬁber orientation
state for the squeeze ﬂow simulation. The ﬁber orientation angle is measured with
respect to the x1 -direction and is considered to be planar (i.e. p3 = 0). Three equally
(n)

weighted test ﬁbers, Np = 3 with vp

= 1Np , generated from the distribution in

Figure 5.2(c) were prescribed at each integration point within the elements. A model
wide fourth order orientation tensor was computed from the test ﬁbers in all elements
from the simulation predictions for comparison with the predictions from [56]. The
orientation distribution of all the test ﬁbers in the model after the deformation is
shown in Figure 5.2(d). The material ﬂowed primarily in the x2 -direction, which
caused the ﬁbers to rotate away from the x1 -direction and towards the x2 -direction.
Table 5.1. Initial fourth order orientation tensor components.
a1111

a2222

a1122

0.743 0.096 0.080

A structured mesh was created using conventional techniques for generating structured meshes for circular geometries (see Figure 5.4(b) for a quarter of the mesh).
The model contained approximately 2.1 × (10)4 fully integrated brick elements with
hybrid formulation (C3D8H) and four elements through the thickness. Perfect slip
boundary conditions were applied to both surfaces of the disk. This allowed for the
use of a traditional Lagrangian meshing scheme as the mesh distortion was limited.
This condition also provided justiﬁcation for the use of only four elements through the
thickness as the velocity proﬁle did not vary signiﬁcantly through the thickness. A
small through thickness dependence of the velocity proﬁle was caused by orientation
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a.

b.

c.

d.

Figure 5.2. (a) Example orientation distribution published by Ericsson et al. [56], (b) schematic showing ﬁber orientation in a circular
preform, (c) the modiﬁed orientation distribution to match the initial
components of aijkl as reported in [56], (d) the modiﬁed orientation
distribution after deformation.

variation and the use of more test ﬁbers could be expected to mitigate such eﬀects
with an increased computational cost. The perfect slip condition is a simplifying
assumption, but there is evidence to suggest it may be appropriate for these material
systems [69, 114] although the through the thickness ﬂow proﬁle observed by Ericsson et al. [56] was approximately parabolic. However, the macroscopic ﬂow front (in
the x1 x2 -plane) does not depend on the through thickness velocity proﬁle and ﬂow
kinetics of highly anisotropic materials in narrow gaps is dominated by the exten-
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sional viscosities [56]. Thus, the assumption of pure slip boundary conditions does
not prohibit comparison to the analysis and experimental results reported in [56].

Simulation Results
The computational model was used to predict the ﬁber orientation evolution,
compression force history, and ﬂow front evolution. The evolution of the a1111 and
a2222 in the present simulation are shown versus log strain in the x2 -direction and
compared to the predictions made by Ericsson et al. [56] in Figure 5.3. While the
orientation state in the model is spatially varying, the fourth order orientation tensor
of all test ﬁbers was used to compare with the reference solution. Although the ﬁber
reorientation in this circumstance is relatively modest, the predicted evolution of the
fourth order orientation tensor components are consistent with Ref. [56].
The evolution of the compression stress, σ33 , during the ﬂow is shown in Figure
5.4, where h is the sample thickness and h0 is the initial thickness. The compression
stress required to achieve the prescribed strain rate, ε̇33 , increases during the ﬂow
as the ﬁbers turn from the x1 -direction toward the x2 -direction. Initially, the ﬁbers
are more highly collimated and the material ﬂows relatively readily in the direction
transverse to the primary ﬁber direction. As the ﬁbers turn into the x2 -direction, the
apparent viscosity is increased. Thereby, the compression stress required to achieve
the constant closure rate is increased beyond that which is caused solely by the change
in strain rate due to decreasing preform thickness.
Ericsson et al. [56] found an analytic relationship for the evolution of the boundary radii as a function of the instantaneous orientation state as given by Equation
5.10. While the derivation of Equation 5.10 began with no-slip boundary conditions,
the ﬂow front was eventually averaged through the thickness yielding the equivalent
perfect slip solution [56].
R1 a2222 − a1122
dR2
=
R2 a1111 − a1122
dR2

(5.10)
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a.

b.

Figure 5.3. Predicted evolution of orientation tensor components (a)
a1111 and (b) a2222 during ﬂow compared to predictions from [56].

Experimental data were collected by Ericsson et al. [56] for various closure speeds
and sample dimensions. The deformed mesh is shown in Figure 5.5, noting mesh distortion. In Figure 5.6, the normalized ﬂow front geometry predicted by the present
simulation is compared to the analytic solution and experimental data of three initial
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b.

Figure 5.4. Compression stress evolution (inset: quarter of mesh).

diameters: 35, 50, and 74.8 mm from [56]. While the present simulation began with
an initial diameter of 50 mm, the ﬂow front behavior was shown to be independent of
initial specimen diameter [56]. The values reported for the current simulation are the
average diameter through the thickness to remove eﬀects of through thickness orientation variation. The simulation with ﬁber orientations initialized from the distribution
presented in [56] (see Figure 5.2(c)) showed good agreement with the predictions and
experiments of Ericsson et al. [56]. The response was extremely anisotropic with
most of the ﬂow occurring in the x2 -direction resulting in a ﬁnal radius ratio of approximately, R2 /R1 ≈ 1.57. As the simulation progressed, the ﬁbers reoriented into
the x2 -direction resulting in thickening and increased ﬂow in the x1 -direction. The
anisotropic, uncoupled version of Equation 5.10 is also shown in Figure 5.6, where
the initial orientation tensor components are assumed to be constant with no ﬁber
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reorientation. Without the ﬁber reorientation mechanism, the anisotropic, uncoupled
solution under predicts the ﬂow in the x1 -direction. These results show that the observed behavior cannot be captured by an isotropic constitutive model since it would
predict a circular ﬂow front geometry (i.e. R2 /R1 = 1).
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Figure 5.5. Deformed mesh relative to the undeformed conﬁguration (dashed line).

5.1.6

Conclusions

A numerical approach with an anisotropic constitutive relationship for coupled
viscous ﬂow and ﬁber orientation analysis was presented to analyze the anisotropic behavior of concentrated ﬁber suspensions. The constitutive model utilized a displacementbased ﬁnite element code and a user subroutine to provide generality in solving threedimensional ﬂow problems of varying degrees of complexity. The eﬀective viscosities
of the anisotropic viscosity tensor constitutive relationship were micromechanically
determined and the ﬁber orientation was described using the test ﬁber representation (see Section 2). The numerical model was rigorously veriﬁed by applying
canonical deformations to individual ﬁnite elements (see Appendix). Squeeze ﬂow
of an anisotropic ﬁber suspension with preferential alignment was analyzed and the
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Ericsson et al. Experimental Data:

Figure 5.6. Normalized ﬂow front evolution of initially circular disks.

macroscale response was found to correlate well with experiments and analysis from
the literature [56]. Comparison to these data served as initial validation of the computational model. Moreover, it was shown that the anisotropic response of long ﬁber
suspensions can only be captured by a coupled analysis.
The generality aﬀorded by the numerical implementation as a user material model
in a commercially available ﬁnite element code is desirable for coupled simulation of
three-dimensional ﬂow problems, but is limited by severe mesh distortion to problems
with modest deformations. Additionally, until improved eﬃciency of the present
approach can be achieved, solutions for problems requiring large numbers of elements
may be computationally prohibitive. Yet, the proposed methodology may provide
substantial utility and represents a new approach to coupled ﬂow and ﬁber orientation
analysis.
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5.2

Large Scale Heterogeneity Analysis
For most PPMC applications of interest, there is no separation of scales between

the platelets and the part geometry. Thus, a collection of platelets may not necessarily
be considered as a material system, but rather a unique mesostructure. This poses
several modeling challenges and causes diﬃculty in developing general guidelines. The
behavior of a collection of platelets in squeeze ﬂow is studied here. This section is
closely based on [145].

Abstract
Unidirectional, prepreg platelet-based molding systems have gained considerable
attention for manufacturing parts with moderate performance and processability metrics. A numerical study of squeeze ﬂow, using a recently developed technique for
coupled ﬂow simulation and ﬁber orientation analysis, has been performed to investigate the eﬀects of the platelet morphology on the processing of prepreg platelet based
composite molding systems. Two competing eﬀects have been shown to drive the
processability of such a material: (i) increasing extensional viscosity due to increasing platelet length and (ii) increasing apparent viscosity due to increasing uniformity
of orientation distribution. By adjusting the platelet dimensions, the above phenomena have been isolated in the numerical simulations to demonstrate their relative
importance on the processability of platelet based molding systems.

5.2.1

Introduction

Typically, continuous, unidirectional, pre-impregnated ﬁber reinforced composite
tape (prepreg) is used in the manufacturing of relatively simple geometries with high
stiﬀness and strength requirements, while short ﬁber reinforced composite molding
systems are used in the manufacturing of complex geometries with low stiﬀness and
strength requirements. Recently, platelet based molding systems have been produced
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by cutting prepreg tape of thickness, t, to length, L, and slitting to width, W. These
molding systems can be used in the manufacturing of moderately complex geometries
while possessing moderate stiﬀness and strength. The platelet length is typically the
largest dimension such that L  t and L  W . While the ﬁbers are continuous
within the platelet, the platelet scale discontinuities allow for processing of relatively
complex geometries.
Squeeze ﬂow of ﬁber reinforced composites of various forms (dispersed ﬁber suspensions, sheet molding compounds, glass-mat thermoplastics, randomly oriented
strands composites) has been the subject of a number of research eﬀorts [34, 36, 51,
56, 57, 69–72, 141, 146–148]. The ﬁber length been shown to inﬂuence the ﬂow behavior of the molding system [34, 36, 148]. However, it is of interest to generally
investigate the processability of platelets which are substantially large in comparison
to the charge geometry, as seen in Figure 5.7.
In this section, squeezing ﬂow of platelet-based molding systems was numerically
studied to determine the signiﬁcance of platelet morphology and scale on the processability of the system. Speciﬁcally, ﬁnite elements models with user constitutive
behavior were used to determine the compressive stress required to achieve a prescribed closure rate for a variety of models with varying the length and length to
width ratio of the platelets which form the initial charge of material.
Consequently, this is a complex, multi-scale problem with platelet-platelet heterogeneity on the scale of the part and continuous ﬁber suspensions at a lower scale.
Furthermore, a method to model the multi-scale nature of problem is proposed in
which the ﬁbers and platelets are homogenized into an eﬀective medium obeying an
anisotropic, viscous constitutive law; then, platelet length scales are recovered by assigning the initial ﬁber orientations into platelet shaped element groupings. While
the proposed methodology is subject to several limitations, direct numerical simulation of the ﬂow of platelet prepreg platelet based-molding systems is computationally
prohibitive. Therefore, the current approach may be a useful model by which insight
into the ﬂow behavior of such materials may be extracted through simulation.
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Figure 5.7. Multi-scale heterogeneity of a prepreg platelet based molding compound.

5.2.2

Modeling

Platelet scale heterogeneity eﬀects were investigated through squeeze ﬂow between
parallel plates of a circular charge. Baseline results are determined by considering
platelets of length L = L0 with in-plane aspect ratio L/W=1. The initial radius
of the disk was R0 = 2L0 . Consequently, the platelets are quite long compared to
the disk dimensions. The initial disk thickness was h0 = 0.28L0 accounting for four
layers. Thus, the all platelets are of thickness t = 0.07L0 . A constant closure rate
was applied in the x3 -direction and the required compressive stress was recorded until
the total compressive strain of the disk was 25%, i.e. ε33 = −0.25. A strain rate independent anisotropic viscosity relationship with ﬁber/platelet orientation evolution
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0
was used. Under these conditions, the initial stress, σ33
, can be used as a measure of

the processability of a given platelet morphology and scale.
A recently developed method for coupled ﬂow and ﬁber orientation analysis [37,80]
was used to numerically study the behavior of platelet based molding systems in
squeeze ﬂow. Initial ﬁber orientations are grouped into element sets of aligned ﬁbers
to study the interactions between the platelet and part length scales. The next
sections discuss the modeling techniques used in the present analysis.

5.2.3

Viscosity Homogenization

Numerous authors have studied the ﬂow of ﬁber suspensions, including the notable
works of Batchelor [38], Pipes et al. [4], and Christensen [125]. The elongational
viscosity in the ﬁber direction was found to be a function of the square of the ﬁber
aspect ratio, (L/D)2 [4, 38]. The shearing viscosities of ﬁber suspensions were found
to be a function of the ﬁber volume fraction, f [4, 125]. The homogenized viscosities
predicted by Pipes et al. [4] are given by Equations 5.11 and 5.12, where κ−1 =
p
√
1 − f /F and the maximum packing fraction is given by F = π/ 12 for hexagonal
packing.

η11 =

ηf
(κ − 1)(L/D)2
2

η12 = η23 = ηκ

(5.11)
(5.12)

The platelets are treated as ﬁber suspensions. Similar to ﬁber bundles in which
the relevant diameter for the determining of the ﬁber direction extensional viscosity is
the bundle diameter, it is suspected that platelet suspension viscosities are dependent
upon platelet aspect ratios such as platelet length to thickness and platelet length to
width. While neither ﬁber diameter or platelet thickness are a subject of the present
study, it is expected that reported trends apply to additional material morphologies.
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5.2.4

Modeling of Platelet Length Scales

Typical multiscale homogenization procedures require that the representative volume element (RVE) deﬁne the response of a material point of the structure. However,
geometries manufactured from platelet-based molding systems may consist of platelets
with in-plane length or width which are not negligible compared to the characteristic
part length. Thus, a platelet-scale (meso-scale) RVE does not represent a material
point, but rather, a larger subset of the geometry. However, it is computationally
prohibitive to model the platelets and platelet-platelet interface explicitly. Thus, in
this analysis, the micromechanics based anisotropic viscosities presented in the previous section are used to represented the eﬀective behavior of the platelets; then, the
platelet dimensions are reintroduced by grouping platelet shaped element sets and
initializing all elements contained in a given element set with the ﬁber orientation
deﬁned by the platelet. Examples of the platelet shaped element sets are shown
in Figures 5.8 and 5.9. The platelet locations and orientations are generated from
uniform random distribution functions. Boundary eﬀects are not considered in the
platelet generation algorithm. Thus, initial material charges considered are as if they
were cut from a larger plate rather than pre-formed in a circular shape

5.2.5

Platelet Scale Studies

The thickness of platelets cut and slit from prepreg tape is predetermined by the
material supplier, however, the user may have control over the platelet length and
width. Micromechanical models reveal an (L/D)2 dependence on the elongational
viscosity in the ﬁber direction, but the homogenized viscosities are insensitive to the
platelet width. While the width does not appear directly in the micromechanics
model for eﬀective viscosities of an aligned platelet suspension, the platelet length
and width may be suﬃciently large with respect to a ﬁnitely dimensioned part to inﬂuence the molding of such a part. We will now consider two competing phenomena
eﬀecting the processability of a platelet based molding system: (i) increasing exten-
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(a)

(b)

(c)

(d)

Figure 5.8. Representative undeformed (left) and deformed (right)
preforms for each platelet length.

sional viscosity due to increasing platelet length and (ii) increasing apparent viscosity
due to increasing uniformity of orientation distribution. In a part, the orientation
distribution approaches uniform as the number of randomly generated orientations
increases. Thus, when considering large platelets which occupy a large volume each
we expect less uniformity versus when considering small platelets. We will denote
eﬀect (i) as length eﬀect and eﬀect (ii) as size eﬀect.
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(a)

(b)

(c)

(d)

Figure 5.9. Representative undeformed (left) and deformed (right)
preforms for each platelet width.

Length Eﬀect
The length eﬀect is isolated by varying the platelet length and width such that
the platelet volume remains constant (i.e. LW= constant). Therefore, the number
of platelets in the model is relatively unchanged, but the length changes the eﬀective
viscosity by (L/L0 )2 . However, upon generation of platelet element sets on the ﬁnite
element model with randomly distributed centroid locations and orientations, the
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number of platelets is increased as compared to this perfect packed platelet count as
platelets near boundaries are often smaller than pristine as they have been cut by the
boundary.

Size Eﬀect
The platelet size eﬀect is isolated by varying the platelet width while maintaining
a constant length. In this way, the viscosities used are constant while platelets vary in
size. The platelet length is constant, but the aspect ratio L/W is varied thus varying
the number of platelets in the charge.

5.2.6

Results

Results of the length eﬀect and size eﬀect studies are presented below. Additionally, the stress required provided a uniform, quasi-isotropic orientation state is shown
which forms the upper bound of the size eﬀect study and displays the trends observed
in the length eﬀect study. Finally, resulting geometries from the size eﬀect study are
presented which demonstrate the platelet size eﬀects on boundary irregularity.

Length Eﬀect
The average initial stresses for the models are shown in Figure 5.10. The initial
stress was found to be proportional to L1.87 which is close to the viscosity variation
used as input with L2 . While size eﬀect was partially controlled for by using a
constant platelet volume across all models, deviations were observed in platelet size
simply due to charge boundaries as previously discussed. In the limiting case of a
uniform, quasi-isotropic orientation state, i.e. a1111 = a2222 = 3/8 and a1122 = 1/8,
the compressive stress required for a given squeezing strain rate, ε̇33 , is derived as
follows. First, the orientation averaged viscosity tensor is given by
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Only the extensional terms are included because perfect slip boundary conditions
have been assumed. Substituting the expressions for the H1 . . . H5 , the constitutive
equations become
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Using the pseudoinverse to invert this relationship and applying the appropriate
traction boundary conditions, σ = (0, 0, −σ33 )T , the compression stress is found to
be

σ33

⎤



1
η23
= η11 1 + 9
ε̇33
4
η11

(5.15)

Provided η11 /η23 is large as is the case in this study, this expression reduces to
σ33 = η11 ε̇33 /4. Thus, the apparent viscosity under a uniform orientation state is
proportional with η11 which is proportional to L2 . A numerical simulation was performed in which each integration point was assigned a quasi-isotropic orientation state
to verify agreement with the analytic solution in Equation 5.15.

Size Eﬀect
The average initial stresses are plotted against platelet width in Figure 5.11. Recall
that the platelet length was held constant, such that the homogenized viscosities were
equal for every simulation summarized in Figure 5.11. Although the viscosities were
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Figure 5.10. Platelet length eﬀect results - compression stress.

constant, as they are insensitive to the platelet width, the stress required to achieve
the prescribed compression rate increased as the platelets narrowed. This is because
as the platelets narrow, the number of platelets required to ﬁll the disk increases.
Thus, the orientation state becomes more uniform requiring the deformation to excite
local ﬁber direction extension. It is interesting to note that even in the smallest
platelet case, L/W = 8, the required stress is only approximately 10% of that for a
quasi-isotropic orientation state. Thus, to verify the model, further reﬁnement was
performed by generating orientation states at the integration point level. Indeed,
upon generation of up to 8 orientation per integration point, (10)6 orientations per
model, the quasi isotropic behavior was recovered.
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Figure 5.11. Platelet size eﬀect results - compression stress.

Consider the platelet size eﬀect in the sense of the number of randomly generated orientations in the model. By decreasing the size of the platelet relative to the
part, the number of platelets required to ﬁll the part increases. By generating more
orientations from the uniform random orientation distribution function, the actual
distribution in the part approaches the distribution used to generate the orientation
state. The compression stress results of the size eﬀect study are plotted against the
number of orientations in the model in Figure 5.12. Recall that the length eﬀect
study was designed to maintain a constant number of platelets, while varying the
homogenized viscosities. Now, assume that the platelet length and aspect ratio may
be varied as in the length study, but the homogenized viscosities may remain constant. Thus, the volume of a platelet is constant while the shape is changed. The
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length eﬀect models were rerun in this manner with the input viscosities as computed
for the baseline platelet dimensions. The compression stress results of these models
are also shown in Figure 5.12, noting that there is some variation in the number of
orientations in the model.
Furthermore, consider generating ﬁber orientations at the element integration
point scale up to eight orientations per integration point. Physically, this could be
realized by increasing the size of the part relative to the platelet size instead of the
reverse as was done in this work. Therefore, consider this as a thought experiment
in which the number of orientations in the model may be increased to suﬃciently
large values while maintaining the same input viscosities as the baseline platelet
dimensions. The compression stress approaches the compression stress of a quasiisotropic orientation state with further increase of the number of orientations in the
model. To achieve >95% of the quasi-isotropic compression stress, (10)6 orientations
are required. Moreover, note that the compression stress is substantially lower than
that of the quasi-isotropic orientation state for platelet scale orientation heterogeneity,
remaining lower than 15% of the compression stress of a quasi-isotropic case even
for the narrowest platelets of dimensions L = L0 and L/W=8. Therefore, platelet
based molding compounds with planar orientation states resembling uniform random
distributions may not behave as a quasi-isotropic orientation state during processing
and may be signiﬁcantly easer to process depending on the relative platelet and part
scales.

Flow Front
The anisotropy of the suspension, coupled with large scale heterogeneity, resulted
in irregular ﬂow fronts as seen in Figures 5.8 and 5.9. The numerical simulation
captured ﬂow front behavior which has been experimentally observed, although the
physics of some distinctive features, such as platelet disaggregation, are not modeled.
Further, adjacent platelets are perfectly bonded at the interface in the present model,
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Figure 5.12. Processibility as a function of orientation density.

which may restrict the ﬂow front behavior of platelet-based molding systems. Yet,
the numerical simulation and experimental observations qualitatively show increasing
severity of ﬂow front irregularities for larger platelets (see Figures 5.8 and 5.9). Note
that this behavior cannot be captured by isotropic molding simulations.
The predicted local radii, R, (normalized by the average radius, Rref ) computed
from the centroid of the deformed shaped (ε33 ≈ 0.25) are plotted around the disk
in Figure 5.13 for one replicate of each platelet width in the platelet size study. The
relatively large platelet thickness caused signiﬁcant variation in radius through the
thickness. The measured radii below are the projection of the ﬂow front onto the x1
x2 -plane. The radius of the deformed shape of smallest platelets typically stays within
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10% of the reference circle, while larger platelets can have irregularities upwards of
20% error.

Figure 5.13. Predicted ﬂow fronts of deformed disks.

The area under the curve of the radii shown in Figure 5.13 was computed and
normalized by 360◦ to quantify the ﬂow front irregularities as a relative error. The averages and standard deviations are shown in Figure 5.14. As the number of platelets
increased, the ﬂow fronts became more circular and there was less variability between
specimens. The ﬂow fronts are not circular and contain signiﬁcant abnormalities.
Many orientations are required for the ﬂow front to be perfectly circular. Eight orientations per integration point (106 orientations) still showed some small irregularities,
but was observed to be nearly circular.
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Figure 5.14. Relative error in ﬂow front radii.

5.2.7

Discussion

Example histograms of the in-plane ﬁber orientation angles are shown in Figure
5.15. The orientations were generated from a uniform random distribution, however,
the number of orientations depends on the platelet size. The fewest number of orientations shown below were generated using L = L0 and L/W = 1 platelets (Figure
5.15(c)). The orientation state for the smallest platelets studied is shown in Figure
5.15(b), while Figure 5.15(a) shows the orientation state for the model in which eight
orientations were generated per integration point. The distribution in Figure 5.15(a)
is nearly uniform due to the large number of orientations in the model. Naturally, the
orientation state approaches that which was used to generate the orientation state
as the number of generated orientations increases. In the limit where the number of
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orientations is unbounded, the generated orientation state would be uniform. Now,
consider the orientation states consisting of platelets. For these models, a relatively
small number of orientations were generated. Thus, the orientation state is not uniform random although a uniform random distribution was used for the generation.
8 orientations per int. pt.

(a)
L=L0, L/W=8

(b)
L=L0, L/W=1

(c)

Figure 5.15. Example preform orientation distributions for (a) eight
orientations per integration point (b) L = L0 and L/W = 8 platelets
and (c) L = L0 and L/W = 1 platelets.

Further, the orientation state varies spatially due to the large platelets. Locally,
the orientation state may vary substantially in a neighborhood, particularly in the
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through thickness direction (x3 -direction). The drastic spatial changes in orientation
state inﬂuenced the deformation of the disk under squeeze ﬂow attributed to the
anisotropy of the material system. The initial fourth order orientation tensor was
computed through the thickness of the disk such that aijkl (x1 ,x2 ) to show the spatial
variation in orientation state as seen in Figure 5.16. Figure 5.16(a) shows the spatial
variation of orientation state of platelets with L = L0 and L/W = 1, while Figure
5.16(b) shows the model with eight orientations per integration point. Note that the
orientation tensor is computed from only four orientations in Figure 5.16(a), while
>250 orientations are used to compute aijkl in Figure 5.16(b). There is little to no
in-plane spatial variation in the aijkl components for the model with eight orientations per integration point. Moreover the orientation state was, on average, uniform
random, such that a1111 = a2222 = 3/8 and a1122 = 1/8 and the coeﬃcients of variation of a1111 and a2222 were approximately 5%. Describing the orientation state and
behavior of this model as quasi-isotropic or uniform random is appropriate. However,
when the platelets dimensions are not insigniﬁcant to the part dimensions, spatial
variations in the orientation state are observed as seen in Figure 5.16(a). On average,
the orientation state for the platelet scale model is matches the integration point
scale model, but the coeﬃcients of variation of a1111 and a2222 drastically increased
to nearly 50%.

5.2.8

Conclusions

The relative platelet size, platelet length, and orientation state has been shown to
inﬂuence the processability of a platelet based molding compound. The compression
stress required to process the molding system was found to be proportional to square
of the ﬁber aspect ratio. Increasing number of platelets by decreasing the platelet
size results in decreased processability. Further, note that a platelet based molding
system with random orientation state does not behave as a quasi-isotropic orientation
state unless there are a suﬃciently large number of orientations. Finally, large scale
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Figure 5.16. In-plane distribution of components aijkl computed
through the thickness for (a) L = L0 and L/W = 1 platelets and
(b) eight orientations per integration point.

platelet heterogeneity coupled with the anisotropic constitutive relationship was found
to cause ﬂow front irregularities.
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6. FLOW SIMULATION OF PREPREG PLATELET
MOLDED COMPOSITES
The fully coupled ﬂow simulation methodology is exercised in this chapter to validate the modeling approach and investigate the rheology of prepreg platelet molded
composites. The ﬁrst investigation is of a center-gated disk with initially collimated
ﬁbers. Then, analyses of two complex geometries are discussed. The ﬁrst geometry
is an aerospace bracket and the second is a trial molding geometry called a ”double
dome.”

6.1

Center-Gated Disk
Strong experimental evidence of the anisotropic rheological behavior of PPMCs

is shown in Figure 6.1(b) and 6.1(d). The platelets began in a collimated orientation
state with the ﬁbers directed horizontally. The anisotropy (diﬃculty to ﬂow in the
ﬁber direction) resulted in ﬂow primarily transverse to the ﬁber direction. A model
of the ﬂow is also shown in Figure 6.1 using the coupled analysis technique developed
here. Qualitatively, the model and experiment demonstrate the same anisotropic
behavior.

101

a.

b.

1 in
c.

d.

Figure 6.1. Qualitative comparison between (c) ﬂow simulation ﬂow
front prediction and (d) experimental short shot ﬂow front.
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6.2

Bracket
An aerospace bracket geometry was carefully studied and used as a validation ex-

periment for the developed molding simulation method. Clearly the ﬁnal orientation
state of a molded part depends on the initial conditions. In this work, three types of
orientation initialization were investigated: (i) stochastically generated platelets informed by physical observation, (ii) informed from CT measured preform orientations,
and (iii) designed / engineered preforms. The stochastically generated initial conditions are of interest in that it is useful to predict the variability associated with this
material system. The CT scanned preform served as a validation exercise, though it
is not particularly useful in engineering applications. Finally, the engineered preforms
have the potential to allow the ﬁnal orientation state to be designed for maximum
performance characteristics. Additionally, the initial conditions for the simulation are
deterministically prescribed and part-to-part variability may be reduced.

Figure 6.2. (a) Representative micrograph of the mid-plane of the
ﬂange of a bracket. (b) The knit line from the molded-in hole. (c) A
semi-laminated region near the intersection with the base.
103
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6.2.1

Modeling

The ﬂow simulation was performed with Abaqus/Explicit using the smoothed particle hydrodynamics (SPH) discretization method. The SPH particles were generated
on the 3D charge geometry as a uniform grid. The characteristic particle length (radius) for each PC3D element is 0.25 mm. The preform had 12 layers through the
thickness consisting of 12,716 particles per layer giving a total of 152,592 particles.
Half of a bracket ﬂow simulation model is shown in Figure 6.3.
The shell like shape of the platelets (thin in one dimension compared to the others)
causes computational problems at these modeling scales. That is, the mesh density
would be extremely ﬁne to model one particle per platelet through the thickness due
to the limitation that the SPH particles be circular. Furthermore, the stable time
increment would be reduced by the small element size, though this is true for all
explicit simulation. The large viscosity and near incompressibility of the material
result in a large tangent modulus. All these factors drive up the computational cost
of the analysis. To make the problem tractable, mass scaling must be employed and
the mesh must be coarsened beyond the preferred element size (one element through
the thickness of a platelet).
It has been shown for squeeze ﬂow that the ﬂow front saturates as the anisotropy
ratio of eﬀective viscosities increases. Once the viscosity in the ﬁber direction is
large enough, the ﬂow front will remain the same even if the viscosity is increased
further. In that sense, the anisotropy ratio can be thought of as a numerical penalty
to penalize elongation in the ﬁber direction.
The tool and ram surfaces are modeled with rigid elements (R3D6 or R3D8). The
size of the rigid elements is ∼1 mm. General contact is used with hard normal contact
and frictionless tangential behavior (i.e. traction free, pure slip). The choice of pure
slip boundary conditions is in part due to the computational limits caused by the
mesh density requirements. However, there is some evidence to suggest that pure
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slip boundary conditions are appropriate for the types of material systems considered
here.
The charge is positioned such that it is resting on the tool and does not account
for platelets which fall into the charge cavity during deposition. The model does not
include the preconsolidation step that occurs before the material begins to ﬂow. The
ram is positioned above the material and forces the material into the tool cavity under
displacement control. The charge volume must be slightly oversized to compensate
for volume losses caused by the nearly incompressible formulation.
Compression direction
along x3
mesh of tooling geometry

stochastic charge discretized
as particles (i.e. SPH)
Viewcut through the
x2-centerline

Figure 6.3. Bracket ﬂow simulation setup.

Boundary Conditions
The conditions at the wall were modeled as traction free (free slip). This is an
atypical assumption for injection molding polymers and process simulations. Most
of the relevant work in the ﬁeld of process modeling of injection molded short ﬁber
suspensions concentrates on the through thickness ﬁber orientation distribution (e.g.
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shell/core layers) [32]. There is an increasing body of evidence that suggest that the
through thickness velocity proﬁle of long ﬁber suspensions is blunted. Tucker [114]
suggests that anisotropy is the cause of the blunted velocity proﬁle. Yet, this has
recently been addressed through the use of a yield stress. Barone and Caulk [69, 70]
showed that slip boundary conditions are appropriate for sheet molding compounds
(SMCs), which are similar to the prepreg platelet molding compound of interest in
this work. Lee and Tucker [149] suggest that a lubricating layer at the tool boundary
results in a nearly uniform through thickness velocity proﬁle for SMCs in thin cavities.
Jackson and coworkers [150] also adopted the assumption of a ﬂat velocity proﬁle for
simulation of SMCs.
One attempt to blunt the velocity proﬁle was the introduction of a yield stress to
the Cross-WLF model presented by Tseng et al. [32] which they called the ”YieldCross-WLF” model. By blunting the velocity proﬁle, the core region was widened
which better agrees with experimental observations for long ﬁber suspensions.
From experimental observations made during the course of this project, there
is little evidence to suggest that no slip boundary conditions are appropriate. The
platelets that are directly in contact with the tool surfaces may not move in some
cases, but the thin boundary layer acts as a lubricating layer for the underlying
material as suggested by Lee and Tucker [149].
Finally, the assumption of slip boundary conditions permits the use of a coarser
ﬁnite element mesh. This is particularly beneﬁcial for the ﬂow simulations which use
an explicit ﬁnite element solver because mesh reﬁnement increase the computational
cost in two ways: added degrees of freedom and reduced stable time increment.
Suﬃcient mesh reﬁnement for resolution of through thickness orientation distribution
of the bracket simulation presented here may be computationally prohibitive. While
the true boundary conditions may be no slip, the high in-plane anisotropy results in a
severely blunted velocity proﬁle such that slip boundary conditions are a reasonable
modeling abstraction.
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Figure 6.4. Orientation state along the length of an end gated plaque
with narrow platelets.
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Figure 6.5. Orientation state along the length of an end gated plaque
with square platelets.
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6.2.2

Orientation Initialization

Three methods of orientation initialization will be discussed here. First, platelets
are stochastically generated on the SPH domain from a given orientation distribution.
Next, a preconsolidated preform is CT scanned to measure the orientation state and
the resulting orientations are mapped to the SPH domain. Lastly, the orientation
state can be prescribed by various methods. One such approach will be described
here in detail.

Stochastic Platelet Generation
At the present modeling scale, the platelets are larger than the ﬁnite elements
(or SPH particles). Therefore, each element contains a single orientation vector and
numerous elements are grouped together in the shape of a platelet. It does not make
physical sense to assign an orientation tensor, which represents a smooth orientation
distribution function, to each ﬁnite element.
The ﬁrst orientation initialization method of interest is stochastic platelet generation. The ﬁnite element mesh is used as a grid onto which platelets are generated from
a speciﬁed orientation distribution. Once a platelet is created, the claimed elements
may not be claimed by another platelet. An example of the stochastically generated
initialize orientation state consisting of a ﬁnite number of platelets is shown in Figure 6.6(b). The surface of a preconsolidated preform is shown in Figure 6.6(c) for a
qualitative comparison with a stochastically generated preform.
In practice, material deposition is typically an uncontrolled process. Loose platelets
are poured in an uncontrolled manner into the charge cavity. As such, a uniform random distribution is used to sample the platelet orientations. For small parts and
large platelets, the tool boundaries can eﬀect the orientation state at the present
modeling scale. This constraint, given by Equation 6.1 for high aspect ratio platelets,
L/W  1, is simply enforced geometrically as shown in Figure 6.6(a). The angle
constraint is only checked if the platelet is near the tool boundaries. In the corners,
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the angle is limited by the nearest wall. The result of the orientation biasing near the
tool boundaries is local collimation at the edges of the charge. Because the charge
cavity is longer in the x1 -direction, the macroscopic orientation state is slightly biased
towards the x1 -direction.

θmax = arcsin (2δ/L)
a.
y

initial platelet orientation:
unrestricted (
)

(6.1)

initial platelet orientation:
restricted by tool boundary (

1

)

θmax = asin[2δ/L]

1
2

2

L

δ

W
x

b.

y

Stochastically generated platelets
composed of multiple SPH particles

x

c.

y
preconsolidated preform

x

Figure 6.6. Stochastic platelet generation with tool boundary eﬀects:
(a) schematic of geometric tool boundary constraint, (b) stochastically
generated platelets on SPH domain, (c) example of a preconsolidated
preform.

For more complex geometries, the preform may not be planar. The same approach
may apply in which platelets are stochastically generated from a given distribution
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function, but the generation algorithm may require an added level of sophistication
to treat the non-planar geometry. The simplest approach is to compute the local
surface normal and sample from a planar orientation distribution about the normal.
However, the process of forming the charge onto a complex surface prior to molding
may inﬂuence the orientation distribution function. Under these circumstances, a
forming type simulation could be used to modify the local orientation distribution
and compute the preform geometry which may not be readily available for a complex
surface. More discussion regarding orientation initialization on complex shapes and
forming of prepreg platelet molding compound mats can be found in Section 6.3.

CT Informed
It can also be useful to CT scan the preform to measure the initial orientation
state. The measured orientation state may then be mapped to the simulation as
initial conditions. The procedure, shown schematically in Figure 6.7, is as follows
(for a thermoplastic matrix composite):
1. Assemble tool and prevent material from ﬁlling the entire cavity (e.g. use a
plate to block the cavity).
2. Insert preform into the charge cavity.
3. Heat the material and apply pressure to consolidate the molding compound.
4. Cool, remove from the tool, and CT scan the consolidate preform.
5. Analyze the CT data and map to the ﬂow model.
6. Reinsert the consolidated preform back into the tool (in the normal conﬁguration), reheat, and mold the part.
For PPMCs with thermosetting matrices, the bulk material typically comes in a
mat form with uncontrolled orientation state. The preform mat could be CT scanned,
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but may need to be cured prior to CT scanning. This would prohibit the one to one
initialization technique, but could still be valuable for generating representative initial
orientation states.
Preconsolidated preform with uncontrolled
initial orientation state

Model with CT informed
orientation state

CT scan

Model setup

1.0

1.0

0.5

0.5

0.0

0.0

Mapping

Measured orientation state from
computed tomography (CT)

Orientation state mapped onto SPH domain

Figure 6.7. Procedure for creating a model with orientations initialized from CT orientation analysis.

These operations were performed in the next section to validate the ﬂow model
by a one to one comparison with experiment. The CT measured orientation state
may be used to tune the stochastic platelet generation algorithm as was done in the
previous section for this part near the tool boundaries. This can be a convenient
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approach because the time and cost constraints would prohibit CT scanning every
preform.

Engineered Preforms
The ﬁnial orientation initialization technique investigated here is a method for
controlling the orientation state, designated ”engineered preforms.” In general, this
could be used to describe any technique for deterministically controlling (engineering)
the initial orientation state so as to promote optimized design.
The developed technique is to introduce discontinuities into unidirectional (UD)
prepreg tape by cutting the ﬁbers with a Gerber Cutter. Then, the discontinuous,
unidirectional prepreg can be cut into arbitrarily shaped plies and stacked like a traditional composite layup to mold or form geometries. These plies can also be cut on the
Gerber Cutter. A drag knife is used to perform the cutting operations. A schematic
depicting the engineering drawings used to create an engineered preform from a roll of
continuous UD tape is shown in Figure 6.8. The roll is laid on the table top such that
the ﬁbers are directed horizontally. A series of vertical cuts are made to introduce
the discontinuities. The vertical cuts are staggered by half a platelet length. Then,
the discontinuous sheet of UD platelets is treated as the parent material from which
”plies” may be cut. The plies shown here are relatively small compared to the platelet
length, but any dimensions could be used in general. However, the Gerber Cutter
could only achieve a minimum platelet width of approximately 1/8”. Depending on
the material form and speciﬁcations of the Gerber Cutter, some experimentation may
be required to successfully cut a UD sheet similar to that shown in Figure 6.8. For
example, the cut lead in and lead out must be adjusted to give the correct cut length.
The blade had to be regularly changed due to the high wear cutting process and
a large piece of release ﬁlm was laid over the material to provide adequate vacuum
pressure.
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The manufacturing rates achieved by the Gerber Cutter are unacceptably low
for high volume manufacturing and could only serve as lab scale experimentation.
However, high rate cutting processes to create the discontinuous UD sheets of platelets
could be developed for commercial applications.
Cuts to create discontinuous
sheet of UD platelets

Roll of continuous
UD prepreg tape

90o ply
0o ply
45o ply

Plies from discontinuous sheet
to create molding preform

Figure 6.8. Schematic for cutting engineered preforms on a Gerber Cutter.

Tensile coupons with manufactured from the described UD sheets of platelets
have been shown to drastically improve the mechanical performance compared to
coupons with uncontrolled platelet deposition [2]. The variability in properties is also
substantially reduced. The improvement comes from the higher hierarchical order
of the system and ability to prescribe the orientation state [2]. Yet, for molded
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brackets, any improvements in performance or variability are less pronounced if not
nonexistent [2].

Figure 6.9. Engineered preforms for bracket molding with controlled
initial orientations.

6.2.3

Validation with CT

Experimental validation of a ﬂow and ﬁber orientation analysis is extremely difﬁcult and tedious, particularly for the complex geometry studied here. The ﬂow
cannot be readily observed in situ and the collection of high quality ﬁber orientation measurements poses many challenges. Additionally, the stochastic nature of the
platelet system and lack of separation of scales further contribute to the modeling
and validation diﬃculty.
CT based orientation measurements have been shown to be high ﬁdelity and yield
a 3D spatial distribution of the orientation state in the entire volume [151]. To
validate the simulation, the ﬁber orientation predictions were compared to CT based
orientation measurements.
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Prediction of the ﬁber orientation state in a molded part is an initial value problem.
Thus, to make a direct comparison between the predicted and measured orientation
state, the initial conditions must be closely coordinated between the simulation and
experiment. The inﬂuence of the initial conditions is exacerbated due to the relatively
small amount of ﬂow in the part. To achieve such conditions as to promote qualitative
comparisons for validation of the ﬂow simulation, an experimental procedure was
developed in which the initial conditions of the physical specimen were measured
prior to molding. In this way, the experiment and analysis began with the same ﬁber
orientation state. The predicted orientation state was found to be in good agreement
with CT based orientation measurements.

Experimental Procedure
To validate the ﬂow simulation experimentally, the initial conditions must be consistent in the model and experiment. For large deformations in which the orientations
achieve steady state, it may be adequate to approximate the initial conditions in the
simulation. The correct initial conditions are more important to capture the transient
behavior which is the goal of this simulation. The method of measuring the initial
ﬁber orientation distribution by CT-based orientation measurements was selected as
the approach by which the initial conditions were ensured to be consistent between
the model and the experiment.
The work ﬂow for manufacturing a consolidated preform that could be CT scanned
is depicted schematically in Figure 6.10. The use of a thermoplastic matrix composite
allows the material to be remelted so preconsolidating the material posed no problems.
First, the tool was assembled, but a plate was placed in the charge cavity to block
the material from ﬁlling to tool cavity during the preconsolidation step. Then, 25
g of 25.4 mm long platelets were poured in an uncontrolled manner consistent with
the typical manufacturing process into the charge cavity. The matrix was melted in
an oven before transferring the tool to a hot press to apply pressure and consolidate
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the loose platelets into the preform. A 7:1 volume reduction is typically observed
for this prepreg platelet molding compound. The consolidation step is not modeled
in the present analysis, so the initial conditions must be measured following the
consolidation. In the consolidation step, the platelets are forced into a more planar
arrangement and voids are removed. The material is held under pressure during
cooling and solidiﬁcation. Then, the preform is removed from the tool and CT scanned
as shown as the second and third steps in Figure 6.10. The resolution of the CT scan
was ∼40 µm which is suﬃcient to deduce the ﬁber orientations as presented in [151].
The ﬁber direction, platelet transverse direction, and platelet normal direction at each
voxel is computed. These data are then mapped to the undeformed SPH domain used
in the ﬂow simulation.

Figure 6.10. Compression molded preform that is CT scanned to
measure the initial orientation state.
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The three mutually orthogonal vectors which describe the orientation of the platelets
in space were computed at each voxel of the CT scan. To get a sense of the global
orientation state, the global second order orientation tensors were computed for the
ﬁber direction and platelet normal direction from every voxel in the CT volume. The
initial ﬁber orientation tensor, a0ij , and platelet normal vector orientation tensor, Nij0 ,
in the CT scanned preform are given below. The platelets of length to width aspect
ratio L/W = 8 tend to align with the tool walls in the charge cavity. Since the
preform is 63.5 mm × 50.8 mm, the volume of platelets preferentially aligned in the
x1 -direction is slightly larger than that in the x2 -direction as a consequence of the
rectangular shape of the charge cavity. This preferential alignment is reﬂected in the
second order orientation tensor components (a11 > a22 ). Away from the tool boundaries, the orientation state is ”uncontrolled” in that the loose platelets were poured
into the charge cavity in an uncontrolled manner. Thus, the orientation state of the
charge is nearly planar random with some preferential alignment coming from the tool
boundary eﬀects. The platelet lie primarily in the plane of the preform normal to
the compression direction. This is evident by the large N33 component of the platelet
normal vector orientation tensor. Also near the tool walls, the platelets may stand
6 0 and N22 =
6 0. Additionally, the platelets do not
on their sides causing some N11 =
lie perfectly in the plane resulting in N33 = 0.841.
⎡

0.503

⎢
⎢
a0ij = ⎢−0.015
⎣
0.027
⎡
0.071
⎢
⎢
0
Nij = ⎢ 0.001
⎣
−0.045

−0.015
0.469
−0.003
0.001
0.088
0.001

0.027

⎤

⎥
⎥
−0.003⎥
⎦
0.028
⎤
−0.045
⎥
⎥
0.001 ⎥
⎦
0.841

(6.2)

(6.3)

Next, the complete bracket must be molded with the preconsolidated preform.
This process is shown in Figure 6.11. Caution must be taken to ensure that the
orientation of the preform in the tool is correctly recorded. After CT scanning, the
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consolidated preform is placed back into the tool and reheated to the melt temperature
of the matrix. Now, the full part is molded. The pin holes in the ﬂanges are moldedin features which form a knit line when separated material rejoins. The knit line
need not be directly over center of the whole due to the anisotropy of the system.
When removing the part from the tool, again caution must be exercised to ensure
that the orientation of the part is consistent with the ﬂow simulation. The net shape
molded bracket geometry is then CT scanned to measure the ﬁnal orientation state
and platelet mesostructure.
Replace preform into the tool
Compression mold bracket

CT scan

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10
0.00

Measure final orientation state

Figure 6.11. Compression molded bracket molded from a preconsolidated preform that is CT scanned to measure the ﬁnal orientation
state.
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Modeling
The ﬂow simulation described in Section 6.2.1 is employed here. In this model,
the orientations were initialized from the CT scanned preform using nearest neighbor
mapping. The domain of the preform was discretized from a uniform grid of PC3D
particles. Care was taken to ensure that the orientation of the puck relative to the
tool geometry was consistent in the model and the experiment.

Flow Simulation
The evolution of the ﬁber orientation tensor, aij and platelet normal vector orientation tensor, Nij , are shown in Figure 6.12 and Figure 6.13, respectively. The ﬁbers,
initially primarily in the x1 x2 -plane reorient quickly towards the x3 -direction as the
material ﬂows into the ﬂanges. The ﬂow fronts separate at the molded-in hole and
reform creating a knit line. At the end of ﬂow, the ﬁbers in the base continue to lie
in the x1 x2 -plane, while the ﬁbers in the ﬂange are primarily in the x2 x3 -plane as
evident by the low a11 component of the ﬁber orientation tensor.
The platelet normals evolve such that the platelets remain in the plane of the local
thin walled region. The platelets on the ﬂow front remain with normals oriented in
the x3 -direction, even in the ﬂange regions because they do not experience signiﬁcant
deformations that would cause reorientation. When the ﬂow separates at the molded
in hole, the platelet normals in the separated ﬂow fronts undergo a rotation. The
platelet faces then come together forming the knit line. The platelets on either side
of the knit line were rotated until their normals were directed in opposite directions.
However, the platelets are symmetric about their local thickness direction, so the
normal vectors at the knit line describe the same platelet orientation. Additionally,
the normals are directed across the knit line such that knit line is formed by an
interply (interlaminar) interface.
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Figure 6.12. Evolution of the ﬁber orientation tensor during ﬂow of a bracket.
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Figure 6.13. Evolution of the normal vector orientation tensor during
ﬂow of a bracket.
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Predicted Orientation State
The predicted ﬁber orientations are compared in Figure 6.14 to CT based orientation measurements. The through thickness averaged components of the ﬁber
orientation tensor are in the +x1 ﬂange and the base are shown in Figures 6.15 to
6.17 and Figures 6.18 to 6.20, respectively. Qualitatively, the predictions seem to
be in good agreement with experimental results. The ﬁrst observations are that the
ﬁbers remain primarily in the plane of each local thin walled region of the bracket.
This is evident by the small a11 component in the ﬂanges and the small a33 component in the base. The ﬁbers should not be parallel to any local surface normals due
to the large ﬁber length. This was predicted by the model even with slip boundary
conditions.
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Figure 6.14. Predicted ﬁber orientation tensor components (a) compared to the CT measured results (b).

At the knit line, the appears to be some a11 alignment in Figure 6.15. The knit
line can also be observed in Figure 6.16 as the regions with low a22 components above
the hole, noting that the knit line need not be directly above the hole. The ﬂow simu-
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lation predicts an oﬀ center knit line that is rotated positively about the x1 -direction
from over center, while the CT scan shows an oﬀ center knit line rotated negatively
from x1 -direction. The knit line is not as clearly seen when looking at the ﬁber orientation tensor components as when looking at the platelet normal components. This
is because the ﬁbers cannot bridge the knit line, but they may be pointed in any
direction in the plane deﬁned by the knit line. The platelet normals must be normal
to the plane of the knit line thus the Nij components contrast more strongly at the
knit line with the surrounding area in this case.
a.

b.

Figure 6.15. Comparison of thickness averaged a11 in one ﬂange of
the bracket. (a) Predicted and (b) CT measured.
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Under the molded in hole, the ﬁbers oriented strongly in the x2 -direction while
the a33 component is large next to the molded in hole as seen in Figure 6.16 and
6.17, respectively. In general. the ﬁbers are predicted to generally rotate towards the
x3 -direction in the ﬂange although this is somewhat contradicted by the CT based
measurements.
a.

b.

Figure 6.16. Comparison of thickness averaged a22 in one ﬂange of
the bracket. (a) Predicted and (b) CT measured.

At the intersection of the ﬂanges and the base, there is a still a signiﬁcant a22
component in the CT scan. The ﬂow simulation predicts the reorientation towards
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a.

b.

Figure 6.17. Comparison of thickness averaged a33 one ﬂange of the
bracket. (a) Predicted and (b) CT measured.

the x3 -direction to occur quickly here but the CT scan shows the ﬁbers to actually be preferentially aligned towards the x2 -direction. In Figure 6.19(b), a large a22
component is measured below the intersection of the ﬂanges and the base indicating
strong alignment towards the x2 -direction. These trends were conﬁrmed by optical
microscopy in similar specimens. The fact that the ﬁbers collimated in the x2 direction here is quite curious. It may be a result of geometric factors and platelet-tool
interactions that are neglected in the ﬂow model. For example, in this region the
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platelets can pack nicely if directed in the x2 -direction. The mechanism by which
this reorientation occurs is a mystery. However, the mesostructure in this region can
be chaotic. Material must be forced into the ﬂange from both sides of the base. In
this area, sometimes referred to as the ”noodle” in classical composite aircraft structures (e.g. empty space between the web and ﬂange of a blade stringer), the ﬂow
ﬁeld and resulting orientations can be less intuitive. It is possible that the continuum
approach taken in the ﬂow simulation does not appropriately treat this behavior or
that platelet-tool interactions dominate. Regardless, the chaotic nature of this area
should not detract from the overall success of the analysis.
In the base, the ﬂow simulation and CT based results show good agreement. The
ﬂow simulation appears to slightly over predict the reorientation in the x1 direction
caused by stretching when ﬂowing the material into the ﬂanges as seen in Figure 6.18.
This could be explained by the mesh density in that the stretching aﬀected more
material than in reality because the mesh was too coarse. Perhaps a mesh density
with one particle through the thickness of a platelet would improve the correlation.
The reorientation at the intersection of the ﬂange occurs too rapidly in the simulation.
This can also be seen in Figure 6.20.
The alignment near the tool boundaries in the base that occurred initially in the
preforming stage remains even after molding the full part. This is seen in Figures 6.18
and 6.19. It should be noted that edge eﬀects in the CT orientation analysis can yield
an overestimation of the ﬁber alignment [152]. Typically, this behavior is mitigated
by trimming a few voxels of data using engineering judgment. The author is unaware
of standard rules of thumb for treating edge eﬀects or a detailed quantiﬁcation of
their eﬀects.
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a.

b.

Figure 6.18. Comparison of thickness averaged a11 in the base of the
bracket. (a) Predicted and (b) CT measured.
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a.

b.

Figure 6.19. Comparison of thickness averaged a22 in the base of the
bracket. (a) Predicted and (b) CT measured.
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a.

b.

Figure 6.20. Comparison of thickness averaged a33 in the base of the
bracket. (a) Predicted and (b) CT measured.
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The components of the platelet normal orientation tensor predicted by the anisotropic
ﬂow simulation are shown in Figure 6.21 compared to CT based measurements. The
bracket geometry is composed of three, thin sections: two ﬂanges in the x2 x3 -plane
and one base in the x1 x2 plane. Contour plots comparing the through thickness averages of each component (N11 , N22 , N33 ) from the ﬂow simulation and the CT based
measurements in the +x1 ﬂange are shown in Figures 6.22 - 6.22. The results for the
base are shown in Figures 6.25 - 6.27. The -x1 ﬂange is not shown because the trends
are the same as the +x1 ﬂange. CT based measurements of the platelet normal vector
have not been rigorously validated although they generally agree qualitatively with
experiment from all related experiences with this project.
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Figure 6.21. Predicted normal vector orientation tensor components
(a) compared to the CT measured results (b).

Overall, the predicted distribution of the platelet normal direction appears to be
in good agreement with CT based measurements as seen in Figure 6.21. The platelets
are found to lie in a relatively planar conﬁguration within a given thin walled region.
This is shown by the large N11 component in the ﬂanges and the large N33 component
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in the base. In general, the platelet normals tend to coincide with the closest tool
surface normals. The platelets are also seen to lie against the tool surface on the edge
walls in the ﬂanges. These predictions make physical sense when considering the thin
platelet geometry. The platelet conﬁguration that is most conducive to eﬃciently
ﬁlling the geometry contains platelets whose normals coincide with the local tool
surface normal.
The knit line is very clearly observed in Figure 6.22 as the region with low N11
and Figure 6.23 as the region with high N22 . The platelets in the ﬂange are primarily
oriented such that N11 is very high, but at the knit line, the platelet normals are
pointing across (perpendicular to) the knit line. This corresponds to a large N22
component. The knit line need not be directly over center of the hole so ri might not
coincide with the x2 -direction, but rather contain some nonzero component in the
x3 -direction. These observations are consistent with optical microscopy. This knit
line is formed when the platelets at the ﬂow front are pushed into the tool cavity.
After separating to ﬂow around the molded in hole, the ﬂow fronts combine and the
knit line is formed from the interply interface. The simulation, CT measurement,
and post processing of the data smooths the knit line slightly but optical microscopy
reveals the knit line to consist of a few platelets bonded together at their interply
interfaces. A knit line directly over the molded in hole would have ri = (0, 1, 0) at
those plies. Resolution limitations in the simulation and CT measurement and post
processing smooth this result by including the orientations of neighboring platelets.
In the CT scan, the knit line is strikingly observed to be oﬀ center with a negative
rotation about the x1 -direction. However, the ﬂow simulation predicts an oﬀ center
knit line with positive rotation. The CT scan shows the magnitude of the asymmetry
to be even larger than predicted. The fact the that ﬂow simulation predicted an
oﬀ center or knit line is promising, however, the knit line was predicted to be oﬀ in
the opposite direction as measured. This may be ignored as a consequence of the
approximations made in the ﬂow model. Additionally, excessive mass scaling can
override the anisotropy. There are not best practices for mass scaling anisotropic ﬂow
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a.

b.

Figure 6.22. Comparison of thickness averaged N11 in one ﬂange of
the bracket. (a) Predicted and (b) CT measured.

simulations and, as no metric exists to determine if the mass scaling is unacceptable
besides engineering judgment, it is likely that there are some unintended and unknown
consequences of mass scaling in the model. The ﬂow simulation seems to somewhat
over predict the amount of out of plane orientation behavior in the ﬂange, particularly
under the molded in hole. This could be a consequence of the relatively coarse mesh.
The CT scan and ﬂow simulation reveal that the platelets in the ﬂange can lie out
of the plane (i.e. small N11 ) such as at the knit line, around the molded in hole, or the

134
edge walls of the ﬂange. These observations are also conﬁrmed by optical microscopy.
Notably, platelets wrap around the molded in hole resulting in r1 = 0 locally, The
CT scan strongly captures this behavior.
a.

b.

Figure 6.23. Comparison of thickness averaged N22 in one ﬂange of
the bracket. (a) Predicted and (b) CT measured.

In the base, the platelet normals are strongly aligned with the x3 -direction such
that the platelets lie in the plane of the base. Beneath the ﬂanges, the platelets
are turning into the ﬂange and need not remain in the plane of the base. The ﬂow
simulation seems to over predict the strength of this behavior. At the edges of the
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a.

b.

Figure 6.24. Comparison of thickness averaged N33 in one ﬂange of
the bracket. (a) Predicted and (b) CT measured.

base, the platelets can turn on their sides and as seen in both the simulation and CT
scan.
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a.

b.

Figure 6.25. Comparison of thickness averaged N11 in the base of the
bracket. (a) Predicted and (b) CT measured.

137

a.

b.

Figure 6.26. Comparison of thickness averaged N22 in the base of the
bracket. (a) Predicted and (b) CT measured.
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a.

b.

Figure 6.27. Comparison of thickness averaged N33 in the base of the
bracket. (a) Predicted and (b) CT measured.
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After establishing that the predicted aij and Nij from the ﬂow simulation show
good qualitative agreement with CT based measurements, it was desirable to develop
quantitative comparison. While the goodness of ﬁt is still not reduced to a single
number, path plots of the orientation state in interesting regions of the geometry
show that the ﬂow simulation predicts the correct trends and character. Further the
magnitude of the predicted orientation tensor components are quite reasonable. Here,
path plots for two regions are shown: ﬁrst in the ﬂange around the molded in hole
and the second along the length of the base.
The lack of scale separation due to the large scale of the platelet heterogeneity
makes a pointwise comparison challenging because the orientation distribution need
not be smooth. For example, for any two platelets with arbitrary, non-collimated,
orientations, the local orientation vector changes instantly at the platelet-to-platelet
interface. The ﬂow simulation doesn’t have the mesh density to detect these abrupt
transitions on the scale of the platelet thickness (∼100 µm). Additionally, any two
physical parts may look very diﬀerent when comparing the local orientation vectors at
the smallest scale of the data (i.e. one voxel or ∼50 µm) because of the variability in
these types of prepreg platelet molded composites. To mitigate the eﬀects of abrupt
orientation changes, a local orientation averaging approach was taken in which the
orientation tensor is formed in a small volume around each inspection point along the
path. In this way, the orientation state is slightly smoothed but the abrupt transitions
do not muddle the results. The approach seems feasible, but also requires contextual
knowledge of the material system. That is, the orientation tensor in a small volume
describes the orientation state of a ﬁnite number of platelets that may exhibit a semilaminated structure. Additionally, there may be sensitivity to the parameters deﬁning
the inspection region. Increasing the size of the local inspection region will further
smooth the orientation state beyond an acceptable amount. The volume of the small
inspection region must also consider the ﬁdelity of the underlying raw data. In this
case, the ﬂow simulation data are fairly coarse with ∼500 µm particles. However, the
resolution of the CT based orientation data an order of magnitude greater.
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The ﬁrst inspection path is depicted schematically in Figure 6.28. In this example,
the local inspection region is a cylinder whose axis of symmetry is coincides with the
global x1 -direction. The height of the cylinder is equal to the local thickness of the
ﬂange of the bracket. Fiber orientation results from typical injection molding codes
often show path plots of the through thickness orientation distribution (e.g. shellcore structure), but the choice of boundary conditions for this material system negates
these eﬀects and such a representation of the data is not useful. The radius was set to
1.5 mm. Thus, the local inspection region represents the through thickness average
orientation state in a small area of the ﬂange. Th axis of the cylinder is centered at a
distance of 8 mm from the center of the molded-in hole. This cylinder is then swept
around the molded-in creating the path plot. The ﬁrst point at θ = 0 is directly
beneath the hole.

inspection
region

Figure 6.28. Local inspection region for path plotting around a molded in hole.

The resulting ﬁber orientation tensor and platelet normal orientation tensor around
the molded in hole are shown in Figures 6.29 and 6.30, respectively. The predicted
values from the ﬂow simulation are compared to CT based orientation measurements.
The diagonal components of the orientation tensors are shown on each plot. Only the
results for the +x1 ﬂange are shown because the results are representative of both
ﬂanges. The path begins beneath the hole at θ = 0 and sweeps around in counterclockwise direction, terminating under the hole at θ = 360◦ . The knit line is formed
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above the hole near θ = 180◦ . Recall that the CT based method for measuring the
platelet normals has not been rigorously veriﬁed.
The predicted ﬁber orientation state along the path around the molded-in hole
shows excellent agreement with the CT based orientation measurements in both
trends, magnitudes, and character as seen in Figure 6.29. The through thickness
component of the ﬁber orientation tensor, a33 , is small along the the path. Above
the hole in the knit line region, some out of plane orientations are predicted. This
agrees with the CT scan, however, the region with relatively large through thickness
orientations spans a large arc of the path above the hole in the simulation than in
the CT scan. Also at the knit line, a large a33 component is observed with a low a22
component. The ﬁbers cannot bridge the knit line, so a small a22 component makes
physical sense. The ﬁbers align with the x3 -direction on the left and right sides of
the molded-in hole near θ = 90◦ and θ = 270◦ . This region could be considered a
converging zone when the material separates beneath the hole and stretches in the
x3 -direction. The ﬂow simulation tends to under predict the a33 component in the
upper portion of the ﬂanges near θ = 135◦ and θ = 225◦ . At θ = 225◦ , some of
the under prediction occurs as a result of the large through thickness component.
The a22 component is generally well predicted along the length of the path. Under
the hole, the orientation state is approximately planar random in the plane of the
ﬂange (x2 x3 plane) since a22 ≈ a33 ≈ 0.5. Moving forward along the path from the
beginning, the ﬂow simulation predicts that a33 and a22 begin to diverge immediately
while the CT scan shows that the orientation state remains steady for some distance
along the path. However, moving backwards from the starting point (near θ = 350◦ )
the ﬂow simulation predicts the same unchanging behavior as measured by the CT
scan. Finally, the ﬂow simulation and CT scan exhibit the similar smoothness in
the path plot indicating that the orientation representation in the simulation is an
appropriate model for the physical material system. While quantifying this last point
may be diﬃcult, it is important to understand that the orientation representation
allows for non-smooth spatial orientation distributions which is not achieved in typ-
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ical ﬂow simulation codes (i.e. Jeﬀery based orientation tensor evolution methods).
This is believed to be of critical importance for the performance analysis of PPMC
structures.
Figure 6.30 shows the platelet normal orientation tensor components around the
molded-in hole. This ﬁgure reinforces the point that the platelets lie primarily in the
plane of the ﬂange (the x2 x3 plane) are seen previously in Figure 6.22. Excluding the
knit line region, the average values of the through thickness component are N11 ≈ 0.8
from the CT scan and N11 ≈ 0.75 from the ﬂow simulation. Additionally, the N22
and N33 components are generally small away from the knit line. The ﬂow simulation
seems to slightly under predict the strength of the planar nature of the system. This
could be a consequence of the continuum representation of the platelet system that
might not fully capture all the physical attributes associated with packing platelets
into a thin region. These types of interactions could explain some of the diﬀerence
between the simulation and the CT scan. Additionally, the cT scan has not been
validated quantitatively, so experimental error must also be considered.
The most interesting result in Figure 6.30 is the orientation of the platelets at the
knit line. In this area, the platelets do not lie in the plane of the ﬂange, but rather
the platelet faces bond together oriented with the normal vector directed in the plane
of the ﬂange, primarily towards the x2 -direction. The normal need not coincide with
x2 -direction exactly because oﬀ center knit lines are often observed in these geometries due to the anisotropy and large scale heterogeneity. Still, at the knit line, a few
platelets are very clearly bonded at the interface resulting in the low N11 component
and corresponding spike in the N22 component. Without the smoothing caused by the
local orientation averaging, the strength of the spike should be approaching unity in
the CT scan. These results were conﬁrmed by optical microscopy and agree with observations from the through thickness orientation averaging in Figures 6.22 and 6.23.
Again, the trends and magnitudes are in good agreement with CT measurements.
The character of the orientations, meaning the smoothness of the curves, are also
similar between the predictions and the CT scans. Finally, predicting the orientation
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of the platelets (pi and ri ) is required to develop a comprehensive failure analysis.
For example, the knit line might be analyzed by a cohesive zone model in the same
way that other platelet-to-platelet interfaces are modeled.

Figure 6.29. Predicted ﬁber orientation tensor components compared
to CT data around the molded in hole of the +x1 ﬂange.
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Figure 6.30. Predicted platelet normal orientation tensor components
compared to CT data around the molded in hole of the +x1 ﬂange.
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Next, the orientation state in the base is investigated by averaging the orientation
state at 50 evenly spaced cross sections along the length of the base. The full width,
in the x2 -direction, and thickness are used to average at each x1 location. The local
inspection region is shown in Figure 6.31. The resulting ﬁber orientation tensor
components and platelet normal orientation tensor components are plotted along the
x1 coordinate normalized by the length of the base, Lb .

Figure 6.31. Local inspection region for path plotting along the length of the base.

The ﬁber orientation trends predicted along the length of the base as shown in Figure 6.32 are consistent with the CT based measurements. However, the magnitudes
can be somewhat diﬀerent. First, the ﬁbers remain aligned with the tool boundaries
near xb /Lb = 0 and xb /Lb = 1. Intuitively, the ﬂow in the base results in stretching
in the x1 -direction so the ﬁbers should tend to align with the x1 -direction in areas
not under the ﬂanges. Three such regions of stretching should exist: xb /Lb < 0.25,
0.4 < xb /Lb < 0.6, and 0.75 < xb /Lb . Hence, it is expected that a22 < a11 in these
regions. A second mechanism can be used to explain this behavior. Platelets that
are initially oriented in the x2 -direction are more likely to ﬂow into the ﬂanges from
the anisotropic viscosity model. Therefore, the ﬁbers that are driving a11 down ini-
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tially ﬂow into the ﬂanges leaving the platelets oriented in the x1 -direction. Both the
ﬂow simulation and CT scan based data exhibit this behavior, although the strength
of the alignment seems to be over predicted by the ﬂow simulation. Additionally,
the regions near the ±x2 tool boundaries could be biasing the macroscopic results
slightly. Figure 6.18 appears consistent with these trends, but strength of the ﬁber
alignment again appears to be lower in the CT scan than the ﬂow simulation. These
diﬀerence are most easily explained by the relatively coarse mesh employed in the
ﬂow simulation. The material that ﬂows into the ﬂanges may be disproportionately
drawn from certain regions of the preform due to the mesh density.
In the base, beneath the intersections with the ﬂanges, the trends are again predicted but the magnitudes are not. The ﬂow simulation over estimates the amount
of through thickness orientation and under estimates the amount of a22 alignment.
This result is unintuitive, but the ﬂow in this area is chaotic and not easily understood. It could be geometric considerations that are ignored in the continuum based
analysis which cause the platelets to strongly align towards the x2 direction in the
so called ”noodle” region. Additionally, the large a33 components suggests that the
ﬁber reorientation occurs too rapidly in this location. This might also be explained
by the mesh density. Still, the trends are well predicted which gives conﬁdence in the
model.
The platelet normal orientation tensor predictions in the base also compare favorably with CT based results. As expected, the platelets primarily lie in the plane
of the base corresponding to a large N33 component. In the ﬂat regions of the base,
the CT scan shows N33 ≈ 0.8, while the ﬂow simulation predicts an approximate
range of 0.85 < N33 < 0.9. The corresponding diﬀerence is compensated by the N11
component. The N22 component is small everywhere.
Near the edges of the base at xb /Lb = 0 and xb /Lb = 1, the platelets can turn
onto their sides which explains the CT based measurements that N11 ≈ N33 ≈ 0.5.
This behavior is predicted in the ﬂow simulation (as expected because it the platelets
were initialized from the CT scan), but not as strongly as measured by the CT scan.
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Once again, this could be explained by the SPH mesh density because it could be
a relatively small layer of platelets on the boundary standing on edge but the large
particle size smooths out the behavior.
Under the ﬂanges, the trends are well predicted. In this region, the platelets
can turn onto their sides such that N11 increases. The increase must be oﬀset by a
decrease in N33 since N22 is relatively inactive in this model. The platelets in this
region are primarily oriented with the ﬁbers directed towards the x2 -direction, so N22
cannot be large since the ﬁber direction and normal direction must be orthogonal (i.e.
pi ni = 0).

Figure 6.32. Predicted ﬁber orientation tensor components compared to CT data along the base of the bracket.
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Figure 6.33. Predicted platelet normal orientation tensor components compared to CT data along the base of the bracket.
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Predicted Mechanical Response
An important aspect of this work is for the ﬂow simulation to produced useful
mesostructural information (i.e. ﬁber orientation) for a performance analysis. To
demonstrate these capabilities on a complex geometry, the results from the ﬂow simulation and CT scan were mapped to a structural or conformal mesh of the bracket
using a nearest neighbor mapping scheme. By mapping to the same mesh, the orientation state is the only diﬀerence between the models. Loads and boundary conditions
were applied to the part and a virtual experiment was performed. The loading was
similar to that applied experimentally. The predicted stiﬀnesses were found to be
in excellent agreement between the ﬂow simulation and the CT scan based orientation states. Unfortunately, test data is not available for this particular part and
orientation state.
The ﬁxturing was not modeled to elicit mesostructural diﬀerences between the
orientation states without washing out diﬀerences with ﬁxturing (which typically
adds compliance to structural testing). The four holes in the base were ﬁxed in all
directions. The upper half cylinder of the molded in holes were tied to a reference
point. In this case, the ﬂanges were not allowed to rotate freely because the Then,
a displacement was applied to the reference point in the x3 direction to simulation
loading. The reaction force at the reference point was calculated. The slope of the
force displacement curve gives the structural stiﬀness of the part. A linear static
analysis was performed. The platelets were modeled as an orthotropic homogenized
continuum. Typical UD carbon ﬁber tape properties were applied. A local coordinate
system was applied to each element corresponding to the platelet orientations: pi , qi ,
and ri . The structural model is shown in Figure 6.34.
The stress distribution of σ11 in the local coordinates is shown in Figure 6.35.
This corresponds to the axial stress in the ﬁber direction. Qualitatively, the stress
contours appear to be similar between the ﬂow simulation orientation state and CT
based orientation state. The boundary conditions at the hole were more restrictive

152

Fixed nodes:

Figure 6.34. Structural model of the pin bracket.

than in the physical experiment and produced bending stresses in the ﬂange. This is
seen in Figure 6.35 where the stresses on the outsides of the ﬂanges are larger than
the inside, which implies bending stresses are present. The stresses displayed are in
the local coordinate system, yet the deformation in the ﬂanges certainly contained
bending stresses not seen in mechanical testing. However, the intent of this particular
exercise is to compare the eﬀects of the orientation state on the predicted structural
response. The predicted structural stiﬀness (slope of force displacement curves) are
within 10%. This implies that the orientation state predicted by the ﬂow simulation provides adequate mesostructural details to predict the stiﬀness of the structure.
Naturally, a prediction of the strength poses a greater challenge, but the stiﬀness is
a useful ﬁrst step because it implies that the orientation state is correct on average.
Unfortunately, the load case, processing conditions, and part geometry mean that
the base of the bracket produces most of the structural compliance. However, because of the processing conditions, the orientation state in the base does not change
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substantially during ﬂow. Thus the orientation state diﬀerence and the results of
the ﬂow induced orientation state are masked by the response of the structure as a
whole. The interesting area of this structure, in terms of the orientation state, is in
the ﬂanges. At this point, the ability to model PPMC structures with ﬂow induced
orientation states from processing to performance is still incomplete. Further work
on this subject is presented in Chapter 7.

Figure 6.35. Comparison of axial stresses in the local ﬁber direction
of the bracket between the predicted orientation state (left) and the
CT based orientation state (right).

6.2.4

Predicted Variability

Developing design allowables for prepreg platelet molded composites is a considerable challenge that has not be fully addressed. This study attempts to bring forth
some of the related issues and present current progress on modeling complex PPMC
structures. The response of PPMC tensile specimens has been the focus of signiﬁcant
study [2]. Indeed, Chapter 7 further adds to the body of research on the topic. A
common theme in these works is the resulting variability. Until now, these systems
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have been conservatively designed and certiﬁed by proof testing. Virtual allowables
and certiﬁcation by analysis represent key developments that must be undertaken to
fully utilized the beneﬁts of PPMC structures. Understanding the sources of variability and the ability to predict or control the variability in PPMCs is of key importance.
This study focuses on the inﬂuence of the stochastic initial conditions in the mold
cavity on the ﬁnal orientation state. Of course, the orientation state in the structure
determines the mechanical response. A state of the art ﬂow simulation was developed
and utilized to predict the orientation state in compression molded structures. The
process of transferring process simulation results to a structural analysis is also addressed. Finally, a structural model was developed to analyze the elastic response of
the PPMC. A full progressive failure analysis of such a complex geometry is beyond
the scope of this study for several reasons including meshing, geometric and material
nonlinearity, and contact.
A limiting feature of prepreg platelet molded composites is the variability in
strength and stiﬀness caused by the inherent disorder of the mesoscale morphology [2].
One approach to address the variability is through the use of engineered preforms,
although the reduction of variability in complex parts has not yet been fully characterized. Since the ﬂow simulation for the prediction of molded orientation states is
an initial value problem, part to part variability for a ﬁxed initial orientation state
could not be predicted without perturbing the initial conditions. Still, it is of interest
to stochastically initialize the orientation state and assess whether the variability can
be propagated from the ﬂow simulation to the performance analysis. Furthermore,
the orientation state in each part should depend on the initial conditions and may be
diﬀerent.
The present investigation begins from a ﬂow simulation of a complex bracket,
loaded through a pin. The pin hole is molded-in to present a problem of increased
diﬃculty. Molded-in features cause knit lines but net shape molding has many advantages including minimized material waste. A ﬂow simulation is performed to predict
the orientation state in the molded part. Then, a structural analysis is performed
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to investigate whether the predicted mesostructural diﬀerences can be propagated to
the mechanical response. The variability was of primary concern so several analyses should be run, however, due to computational limitations, only 10 simulations
were performed. The relatively limited sample size prohibits one from making strong
conclusions regarding the variability, but may be adequate to reveal important trends.

Flow Simulations
To perform this analysis, 10 initial orientation states were stochastically generated
as initial conditions for the molding simulation as described in Section 6.2.2. Narrow
platelets were analyzed in this study. The platelets were modeled with one particle
through the thickness, which is approximately ﬁve times thicker than in reality. The
anisotropy ratio of viscosities was set to approximately 1×104 , which was found to be
adequate for reducing the elongation in the ﬁber direction. Automatic mass scaling
was employed to ensure that the simulation completed without signiﬁcant slowdown.
Each set of initial conditions is generated from a pseudo-random number generated
starting from a random seed. Macroscopically, the initial orientation distributions are
very similar for each model, but the spatial variability results in diﬀerent ﬁnal ﬁber
orientations. The initial orientation state was deﬁned as depicted in Figures 6.3 and
6.6.
The resulting ﬁber orientations were plotted around the molded-in hole as shown
in Figure 6.28. To further increase the amount of data, four results were taken from
each simulation. On average, the results should be symmetric around the molded
in hole and each ﬂange (i.e. two planes of symmetry). Thus, for each simulation,
the orientation state from each ﬂange from 0◦ ≤ θ ≤ 180◦ and −180◦ ≤ θ ≤ 0◦
were collected and plotted from 0◦ ≤ θ ≤ 180◦ for each simulation. The results
were then symmetrized to display the orientation state for the entire path around
the molded-in hole. By using the symmetry conditions, the simulation data could be
artiﬁcially increased, however, these data are not all technically independent. Still,
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this approximation was deemed acceptable in return for the increased numerical data.
The mean orientation tensor components and corresponding standard deviations for
the 40 predicted orientation states are plotted in Figure 6.36. Only the a11 and a33
components were plotted due to the limited space, but the a22 results can be deduced
from these data since a22 = 1 − a11 − a33 . CT based orientation measurements were
also plotted from both ﬂanges of ﬁve specimens with stochastic initial conditions.
On average, the results closely resemble previous results from simulations initialized with CT based orientation measurements and experimental data (CT based ﬁber
orientation measurements) as seen in Section 6.2.3. Any individual result need not
be symmetric around the molded-in hole, but the average results are assumed to
be symmetric. This can make physical sense because after generating many initial
orientation states in the base (which contains two planes of symmetry), the average
initial orientation state should be symmetric. Thus, propagating a supposed symmetric initial orientation state through a symmetric ﬂow ﬁeld, the results should also
be symmetric on average.
The amount of variability in the predicted orientation states is another striking
feature of these results. Within + − 2 standard deviations from the mean, the a33 can
vary by approximately 0.2 in certain locations. Furthermore, mass scaling is known to
diminish the inﬂuence of the anisotropic viscous constitutive model, so the variability
could be further increased by reducing the amount of mass scaling. Of course, there
is a balance between the quality of the result and the computational cost that must
be struck. The through thickness component, a11 remains relatively low (< 0.1) along
the majority of the path except in the knit line region, θ ≈ 180◦ . Here a strong peak
is observed at θ = 180◦ , indicating that, on average, the knit line occurs directly
over the molded in hole. Intuitively, this result seems appropriate. The knit line can
appear sharper (with a larger peak in a11 ) in Figure 6.36. This is in better agreement
with the CT based orientation data reported in Figure 6.29 in terms of the width of
the peak. The ﬂow simulation reported in Figure 6.29 had a large region of increased
through thickness ﬁber alignment, but the peak at the knit line was not as distinct
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in the CT data. The a11 component of the ten stochastic ﬂow simulations performed
here, some more closely resembled the CT based result in Figure 6.29 with the large
peak, while others had a wider range of increased a11 like the ﬂow simulation reported
in Figure 6.29. Additional experimental data is required to further understand the
through thickness orientation behavior at the knit line, although optical microscopy
suggests that the strong peak is the typical result.
This large range of predicted values gives conﬁdence that such a ﬂow simulation
methodology may be employed to investigate the variability in PPMCs with ﬂow
induced orientation states. An orientation tensor based, isotropic simulation could
not produce such a result. A method by which an isotropic, orientation tensor based
simulation could be used to produce this kind of variability could be imagined (e.g.
by sampling a relatively small number of orientations at a point), but has not been
developed.

Figure 6.36. Path plot of local orientation variability predicted by 10
ﬂow simulations with stochastic initial orientation states.

CT Orientation Measurements
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Figure 6.37. Path plot of local platelet normal variability predicted
by 10 ﬂow simulations with stochastic initial orientation states.

CT Orientation Measurements
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Mapping to Structural Mesh
The resulting ﬁber orientations from the ﬂow simulation were mapped to a structural by nearest neighbor for mechanical performance analysis. Each element in the
ﬁnite element mesh was assigned a local coordinate system denoting the ﬁber, transverse, and platelet normal directions. A portion of the structural mesh with the
corresponding mapped local ﬁber direction in each element is shown in Figure 6.38.
The ﬁbers at the edges of the part typically do not point through the surfaces as a
result of the compression molding processes. The mapped results demonstrate this
behavior, although there are some exceptions where ﬁbers are observed to be directed
parallel to the local surface normal. The ﬁbers do not bridge the knit line as seen on
the center of the FE mesh directly above the molded-in hole in Figure 6.38. In the
example shown here, the knit line is predicted to occur directly over the molded-in
hole.

Mechanical Response
Typical elastic properties for UD carbon ﬁber prepreg were assigned to each ﬁnite
element in the local coordinate system. The loads and boundary conditions were
deﬁned as shown in Figure 6.34. The holes in the base were ﬁxed. These holes
were virtually drilled into the specimen during the mapping procedure since they
are not modeled in the ﬂow simulation and the physical parts are post drilled. In
this model, the load introduction points were modeled as a material that is much
stiﬀer than the UD carbon ﬁber tape. Surface to surface contact was applied between
the simulated loading pin and the molded-in holes. The u3 degree of freedom of
center point of the half cylinder load introduction parts was tied to a reference point.
In this way, the ﬂanges may rotate away from one another as the base deforms in
bending. This is more consistent with experimental observations than constraining
the lateral motion at the load introduction points. However, a better model could
be to add a spring between the two load introduction points to simulate the axial
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fibers do not bridge
the knit line

element edges
local fiber orientation vector

Figure 6.38. Local ﬁber orientation vectors at each element of the FE model.

stiﬀness of the pin. Modeling the full ﬁxturing is another approach, although the
added beneﬁts and complexity were deemed unnecessary for this study. Additionally,
the compliances added to the system by modeling the ﬁxturing could overpower the
eﬀects of the orientation state variability on the structural stiﬀness, which is the focus
of this investigation. A vertical displacement, u3 , was applied at the reference point
to simulate the mechanical loading. A linear static analysis was performed.
The vertical force at the reference point was computed. Then, the slope of the
force displacement curve was taken as the structural stiﬀness. The linear portion
of the force displacement curves are shown in Figure 6.39 plotted to 0.3 mm. The
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10 simulations are shown as dashed lines while ﬁve experimental results are plotted
as solid lines. The range of stiﬀness is quite similar between the simulations and
experiments, noting that one of the experimental parts was signiﬁcantly stiﬀer than
the others. Also, only ﬁve experimental points were available for the given test
conditions.

Figure 6.39. Comparison between the initial stiﬀnesses of simulated
and experimental force-displacement curves (initial stiﬀness plotted
to u = 0.3 mm for visualization).

The predicted stiﬀnesses are compared to experimental data in Figure 6.40. The
mean predicted stiﬀness was only 11.1 kN/mm, while the experimental average was
12.3 kN/mm. It is interesting that the stiﬀness is under predicted when the test
ﬁxturing was not modeled since ﬁxturing general adds compliance to the system. In
this case however, some of the test ﬁxturing could add stiﬀness by over constraining
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the deformation. For example, the base of the bracket was bolted to a steel plate which
would restrict some negative u3 deformation of the base. Additionally, the ﬂanges
were allowed to freely rotate away from one another, but in reality, the loading pin
would restrict some of that motion. However, other parts of the ﬁxturing would add
compliance as usual: the bolts in the base were modeled as rigid and the puller rod
and loading pin used to introduce the load in the test frame were also modeled as
rigid. Finally, the base thickness is critically important to the stiﬀness of the bracket
structure and the experimental specimens included some geometrical variability here
that was not considered in the model. The average base thickness was used for the
analysis, but small changes could have a large impact since the base is essentially
loaded in bending and thus the stiﬀness has a thickness cubed dependence. Also, the
base may be the most complaint pat of the structure, so the sensitivity to changes in
base thickness would be ampliﬁed. The mean experimental stiﬀness is also driven up
by one stiﬀ specimen. Exclusion of this point would bring the experimental results
down closer to the simulation.
The variability in predicted stiﬀness was approximately 3% which is comparable
to the measured variability of 5%. However, the complexity of the load case, extensive ﬁxturing requirements, and small sample size make it diﬃcult to draw strong
conclusions. The variability in the experimental data could be caused by general experimental uncertainty. This uncertainty and compliance from the test ﬁxture could
be overpowering mesostructural diﬀerences. Yet, it is promising that the simulation
can produce stiﬀness changes propagated from the stochastic initial conditions to the
structural analysis. While only the stiﬀness was considered in this work, the strength
of this complex bracket was beyond the scope of this study. However, mesostructural
diﬀerences that cause stiﬀness variability could be signiﬁcant for strength predictions. Further investigation is required to develop a progressive failure analysis of
this geometry to characterize the inﬂuence of mesostructure variability on specimen
strength.
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Figure 6.40. Simulated and measured initial stiﬀness of a bracket geometry.

6.2.5

Anisotropic vs Isotropic Constitutive Models

The developed ﬂow simulation methodology has several key diﬀerence from a
typical injection molding code. They can be summarized by two main points: (i) an
anisotropic constitutive model and (ii) the orientation description. The second point
encompasses several factors such as treating the orientation state at a point with test
ﬁbers instead of orientation tensors and the Lagrangian orientation description. To
evaluate the relative inﬂuence of the anisotropic constitutive model, a ﬂow simulation
was developed with a given initial orientation state. Then, the model was run twice:
once with the anisotropic constitutive model and once with an isotropic constitutive
model. In this way, the inﬂuence of the constitutive model is directly investigated.
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Figure 6.41. orientation states predicted by the the anisotropic ﬂow
model (a) partial ﬁll, (b) ﬁnal state and the isotropic ﬂow model (c)
partial ﬁll, (d) ﬁnal state.

Although the ﬂow front in the isotropic simulation was smooth unlike the anisotropic
model, the resulting orientation states were nearly identical. The isotropic model
exhibited some weird behavior and the platelets were allowed to deform with no preferential direction. Such behavior is clearly incorrect, but, for the given case, the
predicted orientation state was not greatly aﬀected. Still, anisotropy is of critical
importance for many ﬂow conditions, but under certain circumstances, may not be
the largest factor. This could also be a result of the computational limitations of
the present modeling approach. Mass scaling, which is required to make the problem tractable, overrides the eﬀects of anisotropy. The mass scaling employed in the
current model could be too large and overriding essential physics (anisotropy). This
would also explain why the isotropic and anisotropic simulations gave the same ﬁnal
orientation state. Still, the isotropic model did not appear to behave correctly quali-
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tatively. By turning oﬀ the anisotropy, the particles created sort of striations in the
ﬂanges because there was not preferential ﬂow direction.

6.2.6

Predictions with Commercial Tools

One task of this work was to evaluate the quality of predictions made by a typical
molding simulation code for prepreg platelet molded composite systems. First, the
main assumptions of a typical injection molding simulation must be addressed:
• Isotropic viscosity: Injection molding simulations typically use isotropic constitutive models.
• Orientation representation: To reduce the computational cost, second order
orientation tensors are commonly employed to represent the orientation state
at a point. A second order orientation tensor represents a smooth orientation
distribution function which cannot be uniquely recovered. A fourth order orientation tensor is required to compute the stiﬀness matrix using an orientation
averaging scheme. Orientation tensors / orientation averaging are not appropriate for predicting the composite strength [24].
• Orientation evolution: Jeﬀery based orientation models are employed to update the orientation state during the ﬂow. Reduced orientation kinetics and
anisotropic rotary diﬀusion are state of the art improvements, but require ﬁtting parameters. The orientation evolution equation requires the fourth order
orientation tensor but only the second order tensor is tracked during the simulation. This results in the closure problem.
• Closure approximation: The orientation evolution requires the fourth order
orientation tensor which is approximated using a closure approximation. Many
such closure approximations exist with orthotropic ﬁtted closures being the
state of the art. Additionally, the fourth order orientation tensor is required
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compute the elastic stiﬀness matrix (a fourth order tensor), so approximations
of the fourth order tensor are not ideal.
• Numerical discretization: Eulerian meshing schemes are traditionally used
for injection molding simulations which contributes to added smoothness of the
orientation distribution beyond that already assumed by the use of a second
order orientation tensor.
These assumptions can be summarized in two main points: orientation representation and isotropic constitutive model. Commercial tools also have a number of
advantages such as computational speed, material models (e.g. Cross-WLF), heat
transfer, knit line, and warpage predictions. The expertise with injection molding
has driven the tool development in this way and has been shown to be very successful. However, the goal is to compression mold structural materials which behave
diﬀerently than short ﬁber, injection molding polymers.
Moldex3D was used to develop a ﬂow model as a baseline prediction using a commercially available molding simulation. A compression molding module was recently
implemented into Moldex3D and used in this study. A long ﬁber thermoplastic material was selected as the material model, but the viscosity formulation was set to
Newtonian to allow for a more direct comparison with the developed ﬂow simulation
tools. Temperature dependence was also excluded. The tool cavity was meshed with
3D elements and a boundary layer mesh (BLM). The mesh was reﬁned to 0.1 mm
elements, but a mesh convergence study was not performed. The orientation state in
the charge was initialized from the CT scan of the preform as was done before. Four
simulations were preformed to investigate the eﬀects of certain modeling approaches.
To investigate the inﬂuence of th wall boundary conditions, models were run with slip
BCs or no slip BCs. For the orientation evolution model, aﬃne motion was assumed
with a small amount of isotropic diﬀusion to compare with the developed anisotropic
ﬂow simulation. Then, the recommended parameters for the iARD-RPR model for
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long ﬁber suspensions were used. Combining these settings resulted in four test cases
given in Table 6.1:
Table 6.1. Bracket simulation settings in Moldex3D.
Simulation Number

CI

CM

α

Wall Condition

1

0.001

0.0

0.0

Slip

2

0.001

0.0

0.0

No Slip

3

0.010

1.0

0.1

Slip

4

0.010

1.0

0.1

No Slip

The results of each combination of parameters are shown in Figure 6.45. The
ﬁber orientation tensor components are plotted around the molded-in hole using a
local averaging scheme. The orientation evolution parameters did not substantially
inﬂuence the predicted orientation states. However, the wall slip conditions were
found to drastically change the results. Below the molded-in hole, the a33 component
was increased from approximately 0.5 to approximately 0.7 as a result of the shear
deformation at the wall for no slip boundary conditions. The bump in the out of
plane orientation tensor component, a11 , above the molded-in hole was much smaller
in magnitude and size of the region for no slip boundary conditions. In the no slip case,
the out of plane component was approximately a11 ≈ 0.5 everywhere except a small
region above the hole. It should be noted that the predicted orientation states are
not precisely symmetric, which might be expected for an isotropic solution. However,
the initial conditions were not symmetric about the x1 - and x2 -planes. Thus, the
ﬁnal orientation state did not reach steady state, in which case the orientation state
in Figure 6.45 would be symmetric.
Simulation 1, with low isotropic diﬀusion and slip wall conditions, was closest to
the CT scan results. The CT scan and anisotropic ﬂow simulation results were plotted
with the isotropic solution in Figure 6.46. The isotropic solution stands out immediately because it is very smooth compared to the CT scan and SPH simulation. Upon
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Figure 6.42. Mesh of the bracket geometry used in the Moldex3D model.

closer inspection, the isotropic solution computed with Moldex3D does a reasonable
job predicting the ﬁnal orientation state. The trends are certainly in agreement with
the CT scan and the magnitudes are generally similar. The a22 component is under
predicted near θ = 135◦ and θ = 225◦ but the a33 component is excellent. This
is interesting because this is the region where the anisotropic ﬂow simulation under
predicted the a33 component slightly, but predicted the a22 component well. The wall
slip conditions were required to achieve the correct level of alignment under the hole
at θ = 0◦ and θ = 360◦ . The knit line will always be predicted to occur directly over
the molded-in hole in the isotropic solution. In this geometry, correctly predicting
the knit line location may not be of critical importance, however other geometries
could be more sensitive to the knit line conﬁguration.
The smoothness of the isotropic solution is certainly a negative consequence of the
orientation representation and passes the problem of treating the orientation state
from the process model to the structural analysis. This does not necessarily prohibit
the use of the isotropic, aij based orientation model to inform a progressive failure
analysis. By interpreting the predicted orientation state at each point as a probability
distribution of possible orientations, a structural model could be generated from the
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Figure 6.43. Predicted orientation state at the mid-plane the ﬂange
for slip wall conditions (simulation 1): (a) a33 and (b) a22 .

ﬂow simulation results. Additionally, this problem could be partially circumvented
by solving for the ﬂow ﬁeld with the Eulerian mesh and using a Lagrangian orientation representation to compute the orientation state. Such an approach could be a
substantial improvement to commercial molding simulation codes. Finally, commercially available tools to compute the distribution of platelet normal vectors are less
common or may not exist at all. The platelet normals are also critically important
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Figure 6.44. Predicted orientation state at the mid-plane the ﬂange
for no slip wall conditions (simulation 2): (a) a33 and (b) a22 .

for the structural analysis although this would be a simple addition if it is not already
available.

Figure 6.45. Comparison of eﬀects ﬁber orientation model parameters
and wall slip conditions on orientation state around a molded in hole
predicted for an isotropic ﬂuid.

inspection
region
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Figure 6.46. Predicted ﬁber orientation tensor components from an
isotropic solution compared to CT data and the present ﬂow simulation code around the molded in hole.

inspection
region
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6.2.7

Engineered Preforms

Four brackets parts were manufactured from a preform of discontinuous sheets
stacked in a layup.

The layups were both quasi-isotropic, but the stacking se-

quence changed between ”grouped” plies ([05 / ± 455 /905 ]s ) and ”dispersed” plies
([0/ ± 45/90]5s ). Parts were made with both molded in holes and no holes (i.e. drilled
after molding). The ﬁnal orientation states of these molded parts were measured via
CT scans. Additionally, the parts were sectioned and polished to investigate the
mesostructure morphology. Only one replicate for each processing and initial conditions was manufactured. Thus, a study of the repeatability could not be performed.
Table 6.2. Engineered Preform Orientation States for Molded Brackets.
Specimen Number

Platelet Size

Layup

Molded-in Holes

PB-7-2

1/2” × 1/2” [05 / ± 455 /905 ]s

Yes

PB-7-3

1/2” × 1/2” [05 / ± 455 /905 ]s

No

PB-7-4

1/2” × 1/2”

[0/ ± 45/90]5s

Yes

PB-7-5

1/2” × 1/2”

[0/ ± 45/90]5s

No
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Figure 6.47. Micrograph of engineered preform with [05 / ± 455 /905 ]s
orientation state and molded-in holes.
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6.3

Double Dome
The double dome geometry was investigated as an additional validation study and

to demonstrate that the present molding simulation technology can be scaled up to
large parts. The double dome did not have internal ribs and more closely resembles
a typical thin-walled structure than the bracket geometry studied previously. The
geometrical complexity was appropriate for a ﬁrst eﬀort to scale up the simulation to
model larger structures.
A unidirectional ﬁber reinforced composite with a fast cure, thermosetting matrix
was used in this work. The UD tape is then slit and chopped to form a mat with
an approximately uniform random orientation distribution. The platelet length is
approximately 25.4 mm. The discontinuous mat can then be cut into a preform for
compression molding. The material used here was recently developed but is similar
in form to HexMC [6]. The material used in these molding trials is shown in Figure
6.48.

10 mm

Figure 6.48. PPMC thermosetting material in the form of a mat.
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The primary goal of this study was to investigate and predict the inﬂuence of
ﬂow on the ﬁber orientation for two charge patterns (depicted in Figure 6.49): (i)
transverse and (ii) axial. These charge patterns are expected to cause signiﬁcantly
diﬀerent ﬁnal orientation states. The part formed from the transverse charge will
experience signiﬁcant stretching in the global x3 -direction inducing ﬁber alignment.
The axial charge will be stretched in both directions, thus the ﬁnal orientation state
should not change substantially. By demonstrating the ability to predict the ﬂow and
orientation behavior, a step has been made towards design of the preform for optimal
performance.

a.

b.

Figure 6.49. Double dome preform geometries: (a) transverse and (b) axial.
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The following sections report the ﬂow and ﬁber orientation analysis that has been
performed by a 3D ﬁnite element simulation of the manufacturing process. Preliminary validation was performed by comparing the predicted ﬂow front to a series of
molding trials where the tool was shimmed open to mold ”short shots.” As of publication, full validation is ongoing, but a blind prediction of the ﬂow front was found
to be in excellent agreement with experimental observations.

6.3.1

Experimental Results: Short Shots

A series of short shots were molded to observe the ﬂow front evolution during
processing. The molding trials were performed by Ford and Dow. The full charge
mas was placed into the tool, which was then shimmed open to ﬁve positions: 5 mm,
4 mm, 3 mm, 2 mm, and 1 mm. Two parts were molded to each shim thickness,
one of each charge geometry (axial and transverse). The full mass was used to more
accurately assess the ﬂow front progression. The charges were cut from the random
mat of discontinuous prepreg platelets and stacked to the required mass. The mat was
then formed into the female side of the tool by hand to create the preform immediately
before processing. Once the charge was loaded into the tool, the tool was closed and
the compression molding process commenced.
Top down images were taken of each of the short shots. The ﬂow front of each
short shot was digitized using ImageJ. No corrective action was taken to mitigate
lens distortion except taking the images from approximately 1 m away from the specimen. Upon visual inspection, the results do not appear to be signiﬁcantly negatively
altered by the photography setup. The ﬂow front was smoothed slightly to ﬁlter out
jagged edges caused by individual platelets protruding ahead of the bulk material.The
outermost line denotes the fully ﬁlled part. The ﬂow front evolution of the transverse
charge is shown in 6.50 and that of the axial charge is shown in 6.51. The transverse charge primarily stretches in the long direction of the part which causes ﬁber
reorientation. Knit lines can be formed at the end of the ﬂow where the ﬂow fronts
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join together. This is quite an interesting observation because the structure contains
no molded-in features and consists of a single charge. The axial charge is primarily
stretched equally in two orthogonal directions due to the compression which should
not result in signiﬁcant ﬁber reorientation.
For the two cases presented here, the macroscopic deformation could have been
qualitatively predicted by engineering judgment. However, high ﬁdelity molding simulations seeks to quantitatively predict the ﬂow front and ﬁber orientation. Additionally, the behavior may not be intuitive in parts with greater degrees of complexity.
In the following sections, the ﬂow and ﬁber orientation analysis is presented for the
two charge patterns shown here.

m

m

m
3m

m
1m

4mm

5m

Figure 6.50. Flow fronts of double dome short shots with transverse charge shimmed in 1 mm increments.
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Figure 6.51. Flow fronts of double dome short shots with axial charge shimmed in 1 mm increments.
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6.3.2

Computational Modeling

A 3D anisotropic, viscous ﬂow simulation was developed following the previously
described methodology. The top and bottom surfaces of the 3D dome geometry were
used to create the tooling surfaces, which were meshed with discrete rigid elements.
The domain was discretized into a uniform grid of SPH particles. The preform geometry was Due to computational limitations, the SPH particle size was 2 mm. Each
particle was initialized with a unique ﬁber orientation vector. The procedure for initializing the orientation state is described in the next section. General contact was
applied between the ﬂuid and the tooling surfaces. Hard contact was used for the
surface normal direction while frictionless behavior was assumed for the tangential
direction. Throughout this work, plug ﬂow has been assumed for the wall slip conditions for various reasons including computational limitations. Eﬀective viscosities
were computed using the theory for ﬁber suspensions from [4] for L/D = 50 and
φ = 0.5.
A number of modeling approximations were introduced into the simulation for
various reasons. First, the preform thickness was larger than in reality to account
for volumetric losses due to the nearly incompressible formulation. This was also
convenient because it allowed for more particles through the thickness. However, the
slight geometrical change from the increased thickness could aﬀect the ﬂow behavior.
Additionally, there is a slight thickness change from the top center of the part to the
outer ﬂanges from 2.7 mm to 2 mm. This taper was not modeled and could result
in an underprediction of radial ﬁber alignment. Finally, the charges were virtually
formed onto the male side of the tooling in the simulation, although, in reality, they
were actually formed onto the female side. Despite the modeling approximations, the
results appear reasonable and without further evidence to suggest that the predictions
are incorrect the predictions were accepted as preliminary results.
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6.3.3

Preform Initialization

The preform comes as a planar mat of discontinuous material. The charge placement is deﬁned by a 2D top down drawing with the charge dimensions. The material
must be virtually ”formed” onto the tooling before performing the ﬂow simulation
as depicted in Figure 6.52. For the transverse charge, this was done with 3D CAD
modeling because the geometry was relatively simple. However, a draping/forming
simulation was performed to create the preform geometry for the axial charge due to
the geometrical complexity.

charge length

charge width
form mat onto tooling surface

charge

tool

Figure 6.52. Forming the planar mat material onto the tooling.

When draping the charge onto the tool, the ﬁber orientation state changes from
the deformation. In this case, the orientation vector at each element is created by
generating an angle from a uniform random distribution about the normal direction
of the local tooling surface. In the models shown here, the local plane in which the
platelets lie was approximately divided into three cases: in the x1 − x3 -plane (top
and ﬂanges) or the plane of the ﬂat section of each wall. The particles in the radius
between adjacent sections were divided by a plane bisecting the two planes at the
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intersection line. The p2 component of the local ﬁber orientation vector and the
surface normals about which the orientation state was initialized are shown in Figure
6.53. A reﬁned method for generating the local normal directions was later developed
although the eﬀect on results is expected to be negligible in this case.

Figure 6.53. Local surface normal vectors for orientation initialization
and p2 component of the local ﬁber orientation vector.

6.3.4

Flow Simulation

The progression of the ﬂow front and evolution of the a33 component of the second
order orientation tensor is shown in Figure 6.54. The maximum stretching direction
is parallel to the x3 -direction which causes the elevated value of a33 corresponding
to increased ﬁber alignment along x3 . Interestingly, a knit line is predicted in the
rounded portion of the ﬂange where the material comes together. This was also
observed in the physical specimens.
In Figure 6.55, the predicted orientation state is compared for the transverse
charge and the axial charge. In both cases, the ﬁbers lie in the local plane of the
structure with minimal through thickness orientation. The transverse charge has a
relatively large a33 from the stretching while the axial charge is approximately planar
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Figure 6.54. Evolution of a33 component of the ﬁber orientation tensor
during ﬂow of the transverse charge.
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random throughout. These predictions are qualitatively consistent with the expected
behavior from Jeﬀery’s equation. The models demonstrate the eﬀect of charge placement on ﬁnal ﬁber orientation state and provide simulation tools to predict such
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behavior. Predictive modeling capabilities open the door for optimal design.

Figure 6.55. Final orientation state of the transverse charge (top) vs
the axial charge (bottom).

6.3.5

Experimental Validation

Validation of the ﬂow simulation is ongoing, but the predicted ﬂow front shows
good agreement with experimental evidence. Limited ﬁber orientation data exists, so
direct comparisons are not possible.
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Flow Front Comparison with Short Shot Experiments
The ﬂow front predictions were validated with a series of short shot experiments.
A top down view of the molding simulations are shown in Figures 6.56 and6.57 with
the short shot ﬂow fronts overlaid for comparison. This was a blind prediction which
further adds to its quality. The most interesting point is the last short shot when the
tool is shimmed to 1 mm. The simulation shows excellent agreement with the experiments. The axial charge shape was somewhat diﬀerent than in the experiment, which
explains some of the ﬂow front diﬀerences. Limited experimental ﬁber orientation
data is available for validation, but the agreement in the ﬂow fronts suggests that the
predicted orientation state may be reasonable assuming that Jeﬀery’s equation holds
for the platelet system for moderate ﬂow distances.
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a.

b.
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e.

Figure 6.56. Predicted ﬂow front (gray) compared to the experiment
(solid line) for the transverse charge.
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Figure 6.57. Predicted ﬂow front (gray) compared to the experiment
(solid line) for the axial charge.
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7. ANALYSIS OF FLOW ALIGNED TENSILE COUPONS
An methodology is presented to analyze the processing and performance of ﬂow oriented prepreg platelet based molded composites. Predictive simulation capabilities
are desired. Previously developed ﬂow and ﬁber orientation models are employed for
the process modeling. Then, the resulting mesostructure and orientation state are
interpreted in such a way to inform the performance analysis. In this case, virtual
tensile coupons are stochastically generated with platelets whose orientation is chosen
from the predicted orientation distribution. The progressive failure analysis is then
performed on the generated mesostructure. The workﬂow by which the analysis is
performed is depicted schematically in Figure 7.1.
Model the flow and fiber orientation evolution.
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Extract virtual tensile bar.

Compute the second order orientation tensor
from the predicted orientation distribution.

Generate virtual tensile coupon from
the predicted orientation state.

Figure 7.1. Processing and performance analysis workﬂow.
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The predictions are validated experimental by molding a ﬂat plate with a ﬂow
induced orientation state as shown in Figure 7.2. Tensile coupons were excised from
the plate and mechanically tested. The predicted coupon stiﬀness is in good agreement with experimental data, however, the strength is slightly over predicted. The
agreement between the predicted and measured elastic moduli implies that the predicted orientation state is correct on average. This conclusion is supported by CT
based orientation analysis of tensile specimens. The over prediction of the tensile
strength is consistent with previous ﬁndings from the current state of the art analysis
capabilities for PPMCs related to the stochasticity of the pseudo randomly generated
mesostructure.
While the mechanical properties are increased in the axial direction, the cost
comes in reduced transverse properties. The transverse properties were not tested in
this study, but work by Kravchenko [2] shows the relationship between orientation
and properties by analysis. Similar studies on the eﬀects of ﬂow and ﬁber orientation
on mechanical properties include [153, 154].

7.1

Experimental Methods
A ﬂat plate was compression molded with a center charge (40% charge cover-

age) in squeeze ﬂow. The ﬂow induced orientation state caused elevated mechanical
properties in the global x1 -direction, coinciding with the direction of primary collimation. Tensile coupons were cut from the plate with the loading direction parallel
to the direction of greatest ﬁber alignment to demonstrate the improved mechanical
response.

7.1.1

Specimen Manufacturing

A 254 mm × 254 mm × plate was manufactured from a 101.6 mm × 254 mm ×
11.1 mm center charge of preconsolidated square (12.7 mm × 12.7 mm) AS4/PEKK
prepreg platelets. The preform was cut from a larger, 304.8 mm × 304.8 mm × 3.7
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a.

material flow due
to compression

b.

Figure 7.2. Schematic of ﬂow aligned plate from a center charge.

mm plate with an approximately uniform random orientation distribution. This plate
was manufactured with 100% charge coverage. A preconsolidated plate was used to
provide a greater level of control when placing the charge in the tool. Loose platelets
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would have built up, perhaps higher than the tool boundaries, and would have spilled
into the area of the tool cavity that should be initially empty. Potential negative
eﬀects of this approach could include, but are not limited to, the tool boundary
eﬀects, mesostructural changes caused by the ﬁrst consolidation state, and polymer
degradation from the second thermal cycle.
The orientation state of the preform was uncontrolled and was a result of material
deposition and consolidation. The in-plane reorientation is likely minimal during
consolidation but it does act to ﬂatten the through thickness component as the volume
is typically reduced by a 6:1 or 7:1 ratio. Near tool boundaries, the platelet orientation
state can be geometrically inﬂuenced. These eﬀects were trimmed oﬀ on the +x2 and −x2 -sides of the plate, but the +x1 edge of piece 1 and the −x1 edge of piece 3
will have some tool boundary eﬀects on the orientation state. These were assumed
to be negligible in the current analysis and were ignored. The edges were trimmed
from two sides of the plate and the remaining portion was cut into three, 101.6 mm
× 254 mm pieces as shown in Figure 7.3.
The three remaining pieces were stacked together and placed in the center of a
254 mm × 254 mm ﬂat plate tool. The material was melted and a ﬂat plate was
molded from the center charge essentially in 1D squeeze ﬂow. The ﬂow ﬁeld resulted
in preferential ﬁber alignment in the x1 -direction. The ﬁnal plate thickness was 3.9
mm on average but there was substantial variability with some regions as thin as
3.5 mm while others were as thick as 4.8 mm. Since the plate is quite thick, the
sensitivity to thickness variation may be small and is not expected to adversely aﬀect
the results. Additionally, the platelets on the top and bottom of the plate in the
location of the original preform appeared to have remained in place during the ﬂow.
It could be that the outer most layers stuck to the tool boundary and provided a
lubricating layer for the rest of the material. CT scans revealed no such skin core
eﬀect commonly observed in injection molding with no-slip boundary conditions.
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1
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Cut lines

3

Figure 7.3. Preform cut from a consolidated plate with uncontrolled
orientation state.

7.1.2

Mechanical Testing

Tensile coupons were prepared from the ﬂow aligned plate such that the preferential ﬁber orientation direction coincided with the loading direction to study the
improvement in mechanical properties. No coupons were manufactured transverse to
the ﬂow direction. Fiberglass tabs (of length 50.8 mm) were bonded to the specimen
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1
2
3

Figure 7.4. Preconsolidated preform stacked and placed into the tool
to produce a ﬂow aligned plate.

giving a total gage length of 152.4 mm. The coupon width was 25.4 mm. The
thickness ranged from 3.5 to 4.8 mm with an average of 3.9 mm. A diamond bladed
surface grinder was used to cut the tensile coupons from the tabbed plate. A base
coat of white paint was applied to the front and back surfaces of the coupons before
adding a speckle pattern for digital image correlation (DIC). Material near the edge
of the plate was scrapped so eight specimens were excised for testing.
The coupon thickness was measured along the coupon length in six, 25.4 mm long
regions numbered sequentially from top to bottom. Three measurements were taken
in each region. The average thicknesses in each region and the averages along the
length of each coupon are reported in Table 7.1. Substantial thickness variability was
found, ∼ 5-7% coeﬃcient of variation, in the batch of specimens. No clear pattern
was observed to imply that the tool closed into a wedge shape rather than a ﬂat plate.
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flow direction

DIC speckle
pattern

fiberglass tabs

Figure 7.5. Schematic of tabbed plate and an excised coupon with
DIC speckle pattern.

To compute the eﬀective modulus, the coupon average thickness was used to convert
force to stress. The strength was computed in two ways. First, the coupon average
thickness was used. In the second method, the thickness of the gage region closest to
the fracture was used. The diﬀerences between theses two measures of strength will
be further discussed in a following section.
The testing was performed in a 22 kip MTS load frame at 2 mm/min crosshead
displacement rate. The force, displacement, and strain ﬁeld on the front and back
surfaces were collected. The axial stress was taken as the measured force divided
by the cross sectional area (average thickness times width). The axial strain was
computed by averaging the local strains measured by DIC on the front surface. Then,
the strength was taken as the maximum stress and the modulus was taken as the slope
of the linear portion of the stress strain curve.
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Table 7.1. Thickness measurements (in mm) along the length of the
ﬂow aligned coupons.
Region

7.1.3

FA-1

FA-2

FA-3

FA-4

FA-5

FA-6

FA-7

FA-8

1

3.950 4.450 3.620 4.100 3.660 3.520 4.300 4.200

2

3.910 4.150 3.600 4.110 3.620 3.520 3.980 3.940

3

3.950 3.890 3.620 4.150 3.700 3.510 3.700 3.620

4

4.100 3.840 3.720 4.300 3.810 3.640 3.570 3.510

5

4.340 3.790 4.000 4.510 4.050 3.890 3.560 3.500

6

4.520 3.820 4.290 4.790 4.330 4.200 3.600 3.540

Avg.

4.128 3.990 3.808 4.327 3.862 3.713 3.785

c.o.v.

0.055 0.060

3.718

0.067 0.058 0.065 0.069 0.072 0.071

Nondestructive Inspection

Previous studies showed that CT scanning of tensile coupons can be used to
create virtual twin experiments. Portions of tree coupons were scanned postmortem
to conﬁrm that the ﬂow simulation correctly predicted the orientation state. The CT
scan resolution was 30 µm and the orientation analysis was performed with VGStudio.
The edges of the bar were trimmed to remove local collimation due to edge eﬀects.
The CT measured a11 component of the second order orientation tensor is shown in
Figure 7.6 with the approximate location of the trimmed CT data within the tensile
coupon.
The VGStudio analysis calculates the orientation tensor at each voxel from the
density gradients by an internally developed algorithm. These data have been interpreted to represent a single ﬁber orientation vector by diagonalizing the second
order orientation tensor and taking the ﬁrst eigenvector (corresponding to the largest
eigenvalue) as the ﬁber direction. Then, the second order orientation tensor for the
scanned region (∼75-100mm of the coupon length) was computed from these vectors.
The results are reported below in Table 7.2.
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Figure 7.6. Approximate location of trimmed CT data within the tensile coupon. Displaying a11 component of the second order orientation
tensor.

Table 7.2. Postmortem CT measured orientation state of select ﬂow
aligned coupons.
Specimen

a11

a22

a33

a23

a13

a12

FA-3

0.7398 0.2496 0.0106 -0.0004 -0.0036 -0.0323

FA-4

0.7364 0.2529 0.0108 -0.0009 -0.0042 -0.0316

FA-5

0.6446 0.3496 0.0058

0.0022

0.0002

0.0168

Postmortem CT orientation analysis of tensile coupons poses challenges in the
interpretation of results. The failure location is known and can be included or ignored
in the orientation analysis. The orientation analysis in the damaged region is poor and
can result in excessive transverse alignment due to the macro crack which traverses
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the gage region. Excluding this region from the macroscopic orientation analysis is
good practice, but can lead to an orientation measurement biased towards greater
collimation because the failure typically occurs in regions with relatively low ﬁber
alignment in the loading direction. Thus, excluding an area which is likely to have
transverse alignment biases the results towards greater collimation. Including this
area, in a postmortem scan, causes an over prediction of the strength of transverse
collimation. The results in Table 7.2 can be considered as upper bounds for FA-3
and FA-4 because the damaged region was excluded while the orientation state of
FA-5 can be considered a lower bound because a damaged region was included in
the analysis. Excluding the cracked area from FA-5 increases the measured a11 to
approximately 0.67-0.68.
The postmortem CT scans also revealed the ﬁrst known observations of a competing damage site in a prepreg platelet molded composite tensile coupon, seen in
Figure 7.7. A substantial region of large cracking and delamination propagating
halfway across the coupon width were captured in the CT scan. This crack location
was not the primary failure site and could not be easily observed by visual inspection. The internal damage was extensive and the cracks did not close after load was
removed. No dyes or other techniques were used in search of cracks that may close.
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a.

b.

Figure 7.7. Internal damage at a competing damage site in a ﬂow
aligned tensile coupon. (a) top surface and edge. (b) transparent
view showing extensive internal damage.
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a.

b.

c.

d.

e.

f.

Figure 7.8. Slices through the thickness of the damaged region of a
ﬂow aligned tensile coupon.
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a.

b.

Figure 7.9. Internal damage at competing failure site. (a) front view
and (b) side view
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a.

b.

c.

d.

Figure 7.10. Front view of serial slices through the thickness of the
damaged region of a ﬂow aligned tensile coupon.
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7.1.4

Results

The modulus and strength measured from mechanical testing are reported here.
Four of the eight specimens failed in the gage region while the remaining specimens
failed near the grips. Results for all specimens, including grip failures, will be reported
unless otherwise noted.
A representative result is shown in Figure 7.11. Figure 7.11a. shows the strain
distribution slightly before failure and the failed coupon for comparison of the failure
site. The primary failure occurred near the top of the bar in the region with high local
strains. A secondary failure site was discovered near the bottom of the bar in another
region with large local strains when inspecting the postmortem coupon by CT. The
corresponding stress strain curve is shown in Figure 7.11. Stress strain curves for all
experimentally tested coupons are shown in Figure 7.12. Postmortem images of the
front and back faces of the failed coupons are shown in Figure 7.13. Interestingly,
specimen FA-7 had two macroscopic fracture sites.
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a.

b.

Figure 7.11. Strain distribution and failure location in a ﬂow aligned
coupon (a) and the corresponding stress strain curve (b).
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Figure 7.12. Stress-strain curves for the ﬂow aligned tensile coupons.

Figure 7.13. Postmortem photographs of front (F.F.) and back (B.F.) of ﬂow aligned coupons.
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The measured modulus and strength values are reported in Table 7.3. Bar charts
showing the strength and stiﬀness of the ﬂow aligned specimens compared to coupons
with 100% charge coverage (no ﬂow alignment) are shown in Figures 7.14 and 7.15,
respectively. The data for the uniform random orientation distribution are reported
in [2]. The ﬂow aligned tensile specimens were slightly thicker than the coupons
with uncontrolled orientation state (3.9 mm vs 3.7 mm), although the inﬂuence on
mechanical properties is likely small.
Table 7.3. Experimentally measured mechanical properties of ﬂow
aligned tensile specimens.

E1 [GPa]

FA-1

FA-2

FA-3

FA-4

FA-5

FA-6

FA-7

FA-8

Avg.

c.o.v.

54.7

50.5

50.7

54.6

50.2

55.6

55.2

54.2

53.2

0.04

388.8 370.9 369.8 464.5 397.7

385.2

0.10

X1 [MPa] 374.9 326.8 361.4

The mechanical properties of the ﬂow aligned specimens are signiﬁcantly improved
compared to the uncontrolled specimens. The average strengths and stiﬀnesses are
reported in Table 7.4. A +77% improvement in strength and a +33% improvement in
stiﬀness was observed due to the ﬁber orientation state. The ﬁber reorientation due
to ﬂow was modest, but the improvement in mechanical properties was substantial.
Clearly the transverse properties would be reduced due to the orientation state, but
an advantage of anisotropic materials is the ability to design the orientation state for
optimal performance. Understanding of the eﬀects of ﬂow on ﬁber orientation provide
the necessary foundation for such a design strategy.
In the next sections, the process modeling and performance analysis will be discussed. The experimental data here serves to validate the computational model.
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Figure 7.14. Strength of ﬂow aligned coupons compared to uniformly
distributed orientation state.

Table 7.4. Improved mechanical properties of ﬂow aligned tensile
specimens compared to specimens with a uniform random orientation
distribution.
Strength [MPa]

Stiﬀness [GPa]

Flow Aligned

385.2

53.2

Uniform Random

218.1

39.9

Diﬀerence

+77%

+33%
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Figure 7.15. Stiﬀness of ﬂow aligned coupons compared to uniformly
distributed orientation state.
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7.2

Flow and Fiber Orientation Analysis
Now, a modeling approach is presented to analyze ﬂow aligned structures. The

methodology is a combination of analysis techniques for ﬂow and mechanical performance. First, the ﬂow simulation is presented.
The model developed for the center charge ﬂat plate employs the previously presented approach for anisotropic viscous ﬂow simulation with ﬁber orientation analysis.
A subset of the full plaque was simulated to decrease the computational cost. A 2D
model was not implemented because the in-plane spatial variation should be captured,
however the analysis performed here is similar to a plane strain type of analysis. The
spatial variability in the x2 -direction is caused by the anisotropy. The full plaque was
254 mm × 254 mm. The full length was modeled to apply the proper deformation,
but the width of the model was only 50.8 mm. The analysis domain is shown in
Figure 7.16. Then, the orientation state from the center 152.4 mm × 25.4 mm region
corresponding to the gage region of a tensile coupon was recorded.
True symmetry boundary conditions or periodic boundary conditions were not
applied in the width direction of the simulation. The additional material between the
boundaries and the region of interest should wash-out any boundary eﬀects.

7.2.1

Preform Initialization

Due to meshing constraints and the associated computational cost of an explicit
SPH simulation, the mesh size is 1 mm. Recall that an SPH mesh cannot be reﬁned
in one dimension, so the particles are several times thicker than the physical platelets.
The same approach is used to claim several particles and assign one orientation vector
to represent a platelet. Square platelets with dimensions 12.7 mm × 12.7 mm are
modeled here. However, since the heterogeneity density appears to be an important
factor in modeling these systems, the in-plane platelet dimensions are adjusted to
maintain the heterogeneity density. The volume of an element set which represents a
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Full tool cavity
Simulation domain

Figure 7.16. Subsection analysis domain of ﬂow aligned ﬂat plate.

single platelet should equal the volume of the physical platelets. The nominal platelet
thickness is 0.14 mm. Thus,
0.14 × 12.7 × 12.7 mm3 = 1 × L × W mm3

(7.1)

gives L = W = 4.8 mm. However, due to the coarseness of the mesh, L = W = 6.5
mm was used to give more reasonably shaped element sets. Including the partial
platelets (a feature of the platelet generation algorithm), the total platelet count
compares well with the physical value. Figure 7.17 shows the platelet generation on
the SPH domain to create the initial orientation state (i.e. initial conditions) for the
ﬂow simulation.
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Empty SPH domain

Generate platelets

Initial orientation state

Figure 7.17. Platelet generation on SPH domain for molding simulation of center charge plate.
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Five initial orientation states were stochastically generated to assess the variability and mitigate the risk of generating a singular, non-representative result. The
predicted orientation states were found to be similar for each of the stochastic initial
conditions.

7.2.2

Flow Simulation

The theory of Pipes et al. [4] was employed to compute the eﬀective suspension
viscosities. However, the platelet thickness was used in place of the ﬁber diameter
when calculating the elongational viscosity in the ﬁber direction. Thus, the inputs
are L = 12.7 mm, t = 0.1 mm, and the ﬁber volume fraction is 0.5. The resulting
anisotropy ratio is η11 /η22 ≈ 750. Signiﬁcant mass scaling is used to improve the
computation time.
The charge was deformed by contact with a rigid surface. The tool boundaries
contained the material. The tooling was meshed with R3D4 elements. Slip boundary
conditions were applied between the SPH domain and the rigid tool using the general
contact algorithm. Hard contact was used for the normal behavior.
Figure 7.18 shows the ﬂow front during the deformation at two intermediate
steps. In Figure 7.18(b) and Figure 7.18(c), the jagged ﬂow front, which is caused by
anisotropy and the platelet mesoscale heterogeneity, can be seen.
During the simulation, the volumetric strain was less than ∼0.05. In most elements, however, it was less than ∼0.01 meaning that the penalizing bulk modulus
was suﬃciently large to approximate the incompressibility condition.
The p1 component of the ﬁber orientation vector of the ﬁrst 20 generated platelets
are shown in Figure 7.19. The platelets with large p1 components (colored red), representing ﬁbers oriented horizontally and parallel with the macroscopic stretch direction, are observed to undergo limited stretching. Conversely, the platelets with small
p1 components (colored blue), can readily stretch in the x1 -direction as observed.
Physically, the platelets should be inextensible in the ﬁber direction, although this
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a.

b.

c.

d.

Figure 7.18. Predicted ﬂow front of ﬂow aligned coupon at (a) t = t0
(b) t = tf /3 (c) t = 2tf /3 and (d) t = tf .

conditions is not strictly enforced in the model. The large eﬀective viscosity in the
ﬁber direction acts to prohibit this deformation mode, but allows some deformation which provides numerical advantages. To enforce the inextensibility constraint
exactly, the modeling approach would require modiﬁcation. Namely, the plateletplatelet interface may need to be modeled explicitly. This is undesirable computationally and would likely lead to a non-tractable problem for practical simulations.
Nonetheless, the behavior exhibited by the ﬂow simulation appears consistent with
the anisotropic viscous constitutive model implying that the model simulates real
physics.
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Figure 7.19. First component of the ﬁber orientation vector of selected
platelets at (a) t = t0 (b) t = tf /3 (c) t = 2tf /3 and (d) t = tf .

7.2.3

Results

The predicted orientation second order orientation tensor components are tabulated in Table 7.5 for the ﬁve stochastic initial mesostructures. The orientation
states are reported for the 152.4 mm × 25.4 mm gage region of the virtual tensile
specimens excised from the center of the modeled domain as depicted in Figure 7.1.
The predicted a11 components of the second order orientation tensor are bounded by
the CT measurements reported in Table 7.2 giving conﬁdence that the predictions
are reasonable. The ﬂow simulated predicts slightly greater out-of-plane orientation
which explains some of the discrepancy. Additionally, only three specimens were partially CT scanned away from the macroscopic crack, so it is diﬃcult to draw strong
conclusions.
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The mesh density prohibits meaningful through thickness predictions, but the
spatial variation predicted by the present analysis is purely a result of the anisotropy
and orientation state since a macroscopically homogeneous ﬂow is studied with no-slip
boundary conditions. Additionally, the initial conditions for each simulation created
by a pseudo-random number generator cannot adequately capture the experimentally
observed stochasticity of the meso-structure. Thus, the specimen to specimen variability is not as great as experimental data suggests. Furthermore, the variability
within a given specimen is not as great as observed. These observations are consistent with previous ﬁndings [2] and the limited CT data available for these tensile
specimens. The consequences of these approximations will be more apparent in the
performance analysis and will be further discussed there.
Table 7.5. Predicted orientation state from ﬁve ﬂow simulations.
Specimen

a11

a22

a33

a23

a13

a12

1

0.6756 0.2943 0.0301

-0.0016 -0.0009

0.0020

2

0.6662 0.3029 0.0309

-0.0007 -0.0015

0.0129

3

0.6719 0.2975 0.0306

-0.0002 -0.0015 -0.0049

4

0.6716 0.2996 0.0288

-0.0005 -0.0008 -0.0075

5

0.6772 0.2937 0.0291

-0.0008 -0.0011

0.0044

The predicted orientation tensor components are also consistent with a point solution in which the macroscopic deformation gradient is used to aﬃnely evolve a
uniform, planar random initial orientation distribution. This approach is closely related to the planar natural closure [92,93]. For 40% charge coverage, the deformation
gradient is
⎡

⎤

5/2 0 0
⎢
⎥
⎢
⎥
Fij = ⎢ 0 1 0 ⎥
⎣
⎦
0 0 2/5

(7.2)
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Then, evolving a uniform, planar random orientation distribution gives
⎡
⎤
0.7143
0
0
⎢
⎥
⎢
⎥
aij = ⎢ 0
0.2857 0⎥
⎣
⎦
0
0
0

(7.3)

Figure 7.20. Predicted orientation distribution compared to an example CT measured orientation state and the point solution.

7.3

Mechanical Performance Analysis
In this section, a computational model is presented to analyze the mechanical

response of a prepreg platelet molded composite with an arbitrary, planar orientation
state. The question posed here is as follows: Given a known planar orientation state
(predicted or measured), how should the structural response be analyzed?
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The platelets are themselves a ﬁber reinforced composite manufactured by chopping and slitting unidirectional (UD) prepreg. The properties of UD prepreg have
been long studied both experimentally and by analysis. Henceforth, the platelet
constituents are modeled as a homogenized orthotropic medium which inherits the
properties of the parent UD prepreg tape given in Table 7.6. The delamination fracture toughness properties for Mode I and Mode II fracture are given in Table 7.7.
Failure of the platelets is treated by a continuum damage mechanics model with
stiﬀness reduction scheme and a cohesive zone model is employed for the platelet to
platelet interface.
Table 7.6. Material properties for AS4/PEKK unidirectional prepreg tape [9].
Material Properties

AS4/PEKK

Longitudinal modulus, E11 [GPa]

138

Transverse modulus, E22 = E33 [GPa]

10.2

Shear modulus, G12 = G13 [GPa]

5.7

Shear modulus, G23 [GPa]

3.7

Poisson’s ratio, ν12

0.3

Poisson’s ratio, ν23

0.45

Longitudinal tensile strength, X T [MPa]

2,070

Longitudinal compressive strength, X C [MPa]

1,360

Transverse tensile strength, Y T [MPa]

86

Transverse compressive strength, Y C [MPa]

230

Longitudinal shear strength, S12 = S13 [MPa]

186

Transverse shear strength, S23 [MPa]

86

For large platelets, of interest in this investigation, a classical multi-scale homogenization approach may not be appropriate. Each tensile specimen is a complex
structure made of up a geometrical arrangement of platelets and their orientations.
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Table 7.7. Fracture properties of AS4/PEKK [9].
Material Properties

AS4/PEKK

Mode I fracture toughness, GIC [kJ/m2 ]

1.7

Mode II fracture toughness, GIIC [kJ/m2 ]

2.0

The most natural approach is to develop an analysis in which the mesostructural features are explicitly modeled to treat the important physics of the problem, namely the
complex stress transfer caused by the orientation state and geometrical arrangement
of the platelets. To adequately capture this behavior, a 3D model should be employed when possible. Unfortunately, for large or geometrically complex thin-walled
structures commonly associated with the aerospace or automotive industries, a shell
model is often required to construct a computationally eﬃcient model. Since best
practices for appropriate modeling methodologies are still being developed (including
in this investigation), a high ﬁdelity 3D approach is taken.

7.3.1

Mesostructure Creation

A method for interpreting the ﬁber orientation state in a PPMC must be developed. In this work, only stochastic microstructures are considered in such a way that
the orientation state is not deterministically known prior to measurement. Physically,
this could be achieved by carefully placing the platelets in the mold. The interpretation may depend on the source of the orientation data. Three sources of orientation
data are discussed here: (i) optical microscopy, (ii) CT based, and (iii) predicted by
ﬂow simulation. Optical microscopy possible gives the most information about the
microstructure, but is tedious and destructive. Serial sectioning of a postmortem tensile specimen could possibly be performed, but would be extremely time consuming.
Additionally, optical microscopy provides a large amount of information that would
be diﬃcult to eﬀectively include in an analysis. Presumably a model could be created
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with platelet in the precise location and orientation measured in serial micrographs.
Now, a single, analysis could be performed to analyze a specimen which has already
been tested. Since predictive models are of interest, the orientation state could be
used to create a family of similar virtual tensile specimens.
CT based models have been shown to be successful in prediction of mechanical
performance (stiﬀness, strength, and fracture morphology) in PPMCs [2,151,152]. In
these analyses, the gage region of a tensile specimen was CT scanned. The density
gradients were used to compute the ﬁber orientation vectors at each voxel. Then, a
voxel mesh was created by down sampling the CT data and assigning the local orientation vector. This was done by decimation or by orientation averaging, diagonalizing,
and taking the largest eigenvector as the ﬁber direction. These analyses show that
the performance can be predicted given the mesostructure and orientation state are
adequately represented. One drawback of this approach is the cost of CT scanning
the specimens, although it may be done nondestructively to build a predictive model.
The most interesting approach for building predictive models is to predict the
orientation state, then simulate the mechanical response. A diﬃculty here is the
interpretation of the orientation state from the ﬂow model and translation to the performance analysis. The ﬂow and ﬁber orientation analysis presented in Section 7.2
was developed with the intention of using the results to inform a progressive failure
analysis. The ﬁrst and easiest procedure is to directly pass the 3D spatially varying
results from the ﬂow simulation to a structural mesh by nearest-neighbor mapping.
Given the level of mesh reﬁnement typically achieved in the ﬂow simulation, this
approach has proven unsuccessful. So, the predicted orientation state must be used
another way. The proposed methodology is to generate a virtual platelet mesostructure by sampling from the predicted ﬁber orientation distribution. In the present
study, this is achieved using the commercial software, DIGIMAT.
To generate the mesostructure, the second order ﬁber orientation tensor is input
to DIGIMAT. Then, an orthotropic ﬁtted closure is applied and a Fourier recovery
is used to produce the orientation distribution function. Platelets are generated by
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a.

b.

c.

d.

e.

Figure 7.21. Five stochastically generated mesostructures from the
ﬂow aligned orientation distribution.

sampling from the orientation distribution function and trying to match the target
second order orientation tensor. The average of the ﬁve predicted orientation tensors
reported in Table 7.5 was used as the target orientation state. The generated coupons
contain about 103 platelets including partial platelets that have been ”cut” at the
edges. The number of realizations inﬂuences the smoothness of the orientation state
and hence the variability. The platelet count is relatively low so the orientation
distribution deviates substantially from the target smooth orientation distribution
function.
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a.

b.

Figure 7.22. Comparison of (a) predicted orientation distribution and
(b) example orientation state of a tensile specimen generated from
sampling the predicted orientation distribution. The orientation distribution from the planar natural closure with a11 = 0.68 is shown for
reference.
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7.3.2

Computational Modeling

The computational model is described in the following sections. The methodology
closely follows [9] and more details can be found in [2]. First the damaged response
of the platelets is discussed followed by the platelet-to-platelet interface. Damage is
assumed to be an irreversible material change that causes a reduction in the eﬀective
material properties [155]. A continuum damage mechanics (CDM) approach in which
microscopic damage is lumped into macroscopic internal variables representing the
accumulated damage and a stiﬀness reduction scheme [156, 157] is taken here. A
progressive failure analysis (PFA) includes both a failure initiation criteria and a
damage evolution law.
The numerical discretization of the platelet mesostructure is depicted in Figure
7.23. Two overlapping platelets are shown as an example of the mesostructure morphology. The platelets are modeled with 3D stress elements (C3D8) with one element
through the thickness. The in-plane element dimensions are 0.7 mm × 0.7 mm. The
platelets may overlap one another and the platelet-to-platelet interface is modeled
with cohesive elements (COH3D8) with zero thickness. The cohesive elements support interlaminar stresses only. The geometrical properties of the platelets, as well as
the mechanical properties of the platelets and the platelet-to-platelet interfaces were
assumed to be deterministic. Variability in the predicted mechanical responses of any
given virtual tensile specimen is the result of the interplay between the stochastic
mesostructure and orientation state.
Each analysis represents a speciﬁc structure consisting of a collection of platelets.
The spatial distribution of orientation and platelet overlaps produces a unique mesostructure and structural member with a certain capacity to sustain mechanical loading.
Damage originates as stress concentrations where the load path is disrupted by an
unfavorable distribution of platelet orientations or insuﬃcient stress transfer / stress
sharing mechanisms (platelet-to-platelet overlaps) commonly referred to as the ”weakest link.” The progressive failure analysis for a known mesostructure was shown to
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reliably predict the failure location [2, 152]. Sometimes, the primary failure occurs at
a competing damage site predicted by the PFA. The computational model presented
here represents the current state of the art for such a material system and structure.
Overlapping 12.7 mm x 12.7 mm platelets
1
2

2
1
One element through the
thickness of a platelet

Platelet

Cohesive interface
(COH3D8)
Overlapping platelets (C3D8)

Cohesive interface

Figure 7.23. Numerical discretization of the platelet mesostructure.

Platelet
The platelets are modeled as an orthotropic homogenized continuum with eﬀective
mechanical properties. The properties of the platelet are inherited from the parent
tape material given in Table 7.6. A continuum damage mechanics (CDM) model is
employed to treat the damaged response within a platelet. The platelets may transmit
a 3D state of stress, but damage is only allowed to occur in the plane. The throughthickness damage is modeled as delamination behavior with a CZM as discussed in
the next section. The elastic properties of the damaged platelets are reduced by a
linear softening scheme. Internal damage variables, dij ∈ [0, 1] (i, j = 1 − 2), describe
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the state of damage where dij = 0 corresponds to pristine, undamaged material while
dij = 1 represents failed material which has no stiﬀness and can carry no stress. The
constitutive model is essentially equivalent to the built-in orthotropic CDM model
available in Abaqus/Standard [158, 159], although a UMAT user subroutine has been
leveraged to allow for the use of 3D stress elements (C3D8). Thus, the constitutive
model for the damaged response of the platelets is given by Equation 7.4
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where H(d) is the damaged compliance matrix, given by Equation 7.5 [160] and d
is a vector containing the three damage variables, given by Equation 7.5. Physically,
d11 represents damage in the ﬁber direction, d22 represents transverse damage, and
d12 represents in-plane shear damage. The damage process is irreversible, thus the
damage variables may only increase monotonically.
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Hashin’s failure criteria [161] was employed for failure initiation. The eﬀective stress
components, σ̂ij , and the material properties (see Table 7.6) govern the damage initiation as shown in Equation 7.7.
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(7.7d)
After failure initiation, the material properties are degraded following a linear softening. The damage evolution comes from the fracture energy released during the failure
process [162]. The fracture energy dissipated for complete loss of material integrity is
denoted Gc . The fracture energy in the ﬁber direction is 12.5 kJ/m2 and the fracture
energy in the transverse direction is 1 kJ/m2 [158]. Viscous regularization [163] was
employed to improve convergence of the numerical solution as given in Equation 7.8.
d v
1
(d ) = d˙v = (d − dv )
dt
η

(7.8)

where η is the regularization viscosity coeﬃcient and dv is the regularized damaged.
The viscosity coeﬃcients for d11 and d22 were set to η = 1 × 10−3 1/s and η = 5 × 10−3
1/s, respectively [158].

Platelet-to-Platelet Interface
Delamination of the platelet-to-platelet interface was treated with a cohesive zone
model obeying a traction-separation law. The constitutive equations for the tractionseparation law relate the interlaminar stresses to the relative separation as given by
Equation 7.9.
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The relative separation is between the top and bottom of the cohesive element is
denoted δi = Δui (i = 1 − 3). The cohesive elements in this work were modeled with
zero thickness. The initial stiﬀnesses were set to ki0 = 1 × 106 MPa/mm. To treat
mode mixity, an eﬀective separation is deﬁned in Equation 7.10.
q
δeﬀ = δ12 + δ22 + δ32

(7.10)

The damage accumulation in the interface is described by a single damage variable,
d.
f
0
(δeﬀ − δeﬀ
)
δeﬀ
0

 for δef f ≥ δef
d = d (δeﬀ ) =
f
f
0
δeﬀ δeﬀ − δeﬀ

(7.11)

The damage variable is zero prior to damage initiation. When the damage variable equals unity, the interface has failed and the platelets delaminate. The damage
initiation criteria for the cohesive interface is given by Equation 7.12 [164].
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In the numerical simulation, the cohesive strengths were set to: Nmax = 50 MPa and
Smax = Tmax = 70 MPa. The separation at failure initiation is found from Equations
7.9, 7.10, and 7.12. Crack propagation is deﬁned by a linear fracture mechanics law
given in Equation 7.13.
GII
GIII
GI
+
+
=1
GIC GIIC GIIIC

(7.13)

where GI , GII , and GIII are the work done by the tractions and corresponding separations. Subscript ”C” corresponds to the critical energy release rates given in Table
7.7. It was assumed that GIIC = GIIIC [165].
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7.3.3

Results

The results of the progressive failure analysis are presented here. The predicted
stiﬀness and strength are compared and contrasted to the experimental test series.
Unfortunately, due to the limited experimental data and and relatively small number
of analyses, a thorough investigation of the variability was not performed. Still,
the analysis correlated well with the experimental results. The predicted responses
from the analysis of ﬁve uniaxial tensile specimens with stochastic mesostructures are
shown in Figure 7.24.

Figure 7.24. Predicted stress strain curves from the present analysis.

A representative simulated stress-strain curve from Figure 7.24 is shown in Figure
7.25 compared to the physical response of specimen FA7. The initial stiﬀness and

230
ultimate strength are quite similar here, but the PFA predicts additional material /
structural nonlinearity prior to ﬁnal failure.

Figure 7.25. Example stress strain curve from the present analysis
compared to the response of FA7.

The measured and predicted axial stiﬀness and strength of the ﬂow aligned tensile
specimens are summarized in Figure 7.26 and Figure 7.27, respectively. The average
predicted initial stiﬀness is in excellent agreement with experimental results (55.2 GPa
compared to 53.2 GPa). This implies that the predicted orientation state is correct
on average. Taking a simpliﬁed view of the structure, it could be considered as a
system of springs in series, so a counter example would be one compliant compliant
disproportionately reducing the stiﬀness of the system. However, the specimen is
relatively thick, so number of platelet instances through the thickness mitigates the
risk of the existence of such a compliant region by forming many semi-laminates by
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sampling ∼28 plies from the orientation distribution. Given the platelet count, it is
unlikely that a substantially large region of low stiﬀness would occur.
Avg.:
53.2 GPa
Std. Dev.: 2.2 GPa

Avg.:
55.2 GPa
Std. Dev.: 1.7 GPa

Experimental

Predicted

Figure 7.26. Predicted stiﬀness from the present analysis compared
to experimental measurements.

The strengths are reported in Figure 7.27 for the simulation compared to the experiment. The average strength is overpredicted by ∼20% and the variability smaller
than observed. Only one of the tested specimens achieved a strength larger than 400
MPa while none of the virtual specimens were weaker than 400 MPa.
The physical specimens contained signiﬁcant thickness variation along the length,
so the strength was also computed from the force divided by the local thickness
and width near the failure site instead of using the average thickness. Additionally,
four of the test specimens failed near the grips. Figure 7.28 shows the measured
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Avg.:
385.2 MPa
Std. Dev.: 36.9 MPa

Avg.:
461.7 MPa
Std. Dev.: 18.5 MPa

Experimental

Predicted

Figure 7.27. Predicted strength from the present analysis compared
to experimental measurements.

strength excluding grip failures and using the local specimen geometry to compute
the strength. In this case, the average strength is elevated to 412.9 MPa and the
simulation overpredicts by only ∼12%. No eﬀort was made to model the thickness
variation and each specimen was modeled as uniform thickness equal to the average
thickness of the physical specimens.
The comparison between the predicted and measured averages of stiﬀness and
strength are reported in Table 7.8. The prediction of the initial stiﬀness was quite
good compared to the experiment, while the strength prediction may be acceptable.
Unfortunately, analyses which overpredict the performance pose problems for conservative design. Naturally, the predicted strength could be reduced to more closely
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Avg.:

412.9 MPa

Experimental

Avg.:

461.7 MPa

Predicted

Figure 7.28. Predicted strength from the present analysis compared
to experimental measurements excluding grip failures and computing
strength from the thickness of the region in which the macroscopic
fracture occurred

match the experimental observations by adjusting the material properties, interfacial
properties, or mesostructure. The ﬁrst two of these may be readily implemented, but
physical justiﬁcation for such action is currently lacking due to the limited experience
with the platelet material form. Modifying the virtual mesostructure poses substantial diﬃculty due to the myriad nuances associated with numerical discretization and
automated mesostructure creation with a pseudo-random number generator.
The current state of the art for generating platelet mesostructural morphologies
has signiﬁcant utility. The analysis approach for modeling the platelets with CDM
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Table 7.8. Average predicted mechanical performance of ﬂow aligned
tensile specimens compared to experimental data.
Avg. Strength [MPa]

Avg. Stiﬀness [GPa]

Experiment

385.2

53.2

Present Analysis

461.7

55.2

Diﬀerence

+20%

+4%

and the platelet-to-platelet interface is rigorous. The necessary approximates yield a
simpliﬁed mesostructure that has many characteristics that are consistent with reality.
However, generated mesostructure appears too highly ordered or structured and does
not contain the required variability to adequately model such a material system and
structure. The geometrical arrangement of platelets and their orientations combine
to form a complex structural system. Proper treatment of the system is required to
appropriately model a structure. Each specimen can be considered a structure in its
own right. Thus, the material system is an individual platelet and a collection of
platelets formed into a plate is a structure deﬁned by the mesostructure morphology.
The orientation state in a tensile specimen that is uniform random on average may
vary substantially on the platelet length scale [2, 152]. Thus, the platelet generation
algorithm must also contain these features to capture the appropriate mechanical
response. The orientation tensor components of six approximately 25.4 mm × 25.4
mm regions along the gage length of a virtual specimen are tabulated in Table 7.9. The
largest diﬀerence in the a11 from the specimen average is only -0.04. For uncontrolled,
stochastic orientation states with no preferential alignment, physical specimens can
contain regions of the same size with 0.35 ≤ a11 ≤ 0.65 [152].
The variability in the mechanical behavior of each analysis is the result of the
mesostructural diﬀerences between individual specimens (i.e. the orientation distribution and platelet morphology) since he properties of the platelet were assumed to
be deterministic. Unfortunately, the relatively small sample sizes presented in this
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Table 7.9. Spatial distribution of platelet orientations (FA-BCA-PL-t0p14-02).
Location

a11

a22

a33

a112

a13

a23

1

0.698 0.288 0.014

0.013

0.004

0.010

2

0.671 0.312 0.017

0.014

0.012

0.015

3

0.669 0.313 0.017

0.012

0.017

-0.006

4

0.679 0.304 0.017 -0.059

0.002

0.006

5

0.710 0.279 0.011

0.021

0.023

0.004

6

0.664 0.319 0.016

0.057

-0.010

-0.007

0.677

0.027

0.007

0.004

Avg.

0.298 0.025

study prohibit the deduction of strong conclusions about variability. The experimental strength measurements contained signiﬁcant variability consistent with previous
observations [2]. The analyses appeared to exhibit less variability. Assigning a distribution of material properties can further enhance the analysis for limited cost.
Signiﬁcant platelet distortion can occur during molding, which is not captured
in the analysis. For example, platelets can shear, bend, or thin. Platelet thinning
during molding must result in widening to preserve the initial volume due to incompressibility condition. A wide distribution of platelet thicknesses has been observed
in molded parts, but incorporating such a distribution into the current framework
may be computationally limited in practice.
Given the assumptions and required simpliﬁcations, the PFA yielded reasonable
results that can be useful if correctly interpreted. Understanding of the consequences
of the modeling assumptions is required to successfully implement the presented PFA.

7.4

Conclusions
A computational model for process simulation and progressive failure analysis

was presented for analysis of prepreg platelet molded composites with ﬂow induced
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orientation states. The model was validated by analyzing a tensile specimens excised
from a ﬂat plate manufactured from a center charge. Although the ﬁber reorientation
was modest for the relatively small deformation that occurred during molding of a
ﬂat plate with 40% charge coverage, the improvement in mechanical performance was
found to be signiﬁcant compared to specimens with an uncontrolled, uniform random
orientation distribution.
The ﬂow simulation exhibited the anticipated behavior and was validated by CT
based orientation measurements and a simpliﬁed analytic model. The stretching that
occurred during ﬂow caused the ﬁbers to reorient towards the axial direction of the
tensile specimens. Beginning with a uniform random orientation distribution, the
orientation tensor component in the loading direction was elevated from a11 = 0.5 →
0.68.
Virtual tensile specimens were generated using the predicted orientation distribution to perform a progressive failure analysis. The average initial stiﬀness was
predicted within ∼4% of the experimental test data while the strength was overpredicted by ∼20%. While the orientation distribution of the virtual specimens is
believed to representative of the physical specimens on average, the generation of
mesostructural features necessary to correctly capture the failure requires further development. Regardless, the results of the analysis are reasonable and demonstrate the
current state of the art capabilities for modeling prepreg platelet molded composites.
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8. CONCLUSIONS
This work presents a novel treatment of the ﬂow and ﬁber orientation of prepreg
platelet molding compounds. The lack of scale separation creates several modeling
challenges that require new solutions. The output from the ﬂow model should be
useful for developing structural models of ﬂow oriented PPMCs. That is, the ﬂow
simulation should contain enough mesostructural detail to develop a representative
structural model without over interpretation of the results. Commercial tools treat
the orientation state with the second order orientation tensor which does not describe
a unique orientation state. Therefore, a structural model based on an orientation state
given by aij must make assumptions to interpret the results from the ﬂow simulation.
The information lost in this interpretation is critical to the performance predictions.
Thus, a model that minimize the information loss and assumptions required to develop
a structural model that is representative of the physical mesostructure is crucial. The
goal of this work is to develop such a model.
The platelets are modeled as a transversely isotropic, viscous continuum whose
apparent viscosities are determined micromechanically. The ﬁber length and concentration, experimental evidence, and previous works from other researchers led to
the use of an anisotropic constitutive model. The extreme anisotropy of long ﬁber
suspensions and PPMCs were demonstrated in squeeze ﬂow and a center-gated disk.
The platelets are observed to thin, bend, shear, and/or widen but they cannot stretch
in the ﬁber direction. Jeﬀery’s equation was used to update the ﬁber orientation and
platelet normal direction. In the transient analysis of compression molded PPMCs,
Jeﬀery’s equation seems to hold. Further enhancements to the orientation evolution
model may be required to extend the method to other ﬂows. A primary asset of the
model is that further developments may be readily implemented.
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A commercially available, displacement base ﬁnite element code served as the platform to implement the proposed constitutive model. The model was implemented in
both the implicit and explicit solvers to provide ﬂexibility for solving a variety of
problems. Lagrangian discretization schemes were utilized to readily treat the large
scale heterogeneities. A meshless particle method, smoothed particle hydrodynamics, was used to handle the extreme distortions associated with compression molding
simulation in a Lagrangian framework. The numerical implementation was rigorously
veriﬁed to conﬁrm that the model behavior was as expected. The veriﬁcation included
checks of the predicted stresses and ﬁber orientation evolution. The incompressibility constraint was relaxed in the explicit solver by introducing a ﬁnite, elastic bulk
modulus.
The analysis methodology was then validated through several case studies. First,
anisotropic squeeze ﬂow of long ﬁber suspensions was analyzed and the ﬂow front
was compared to experimental measurements reported in the literature. A bracket
was simulated with the preform orientation state initialized from CT based orientation measurements. This permitted a direct comparison between the predicted and
measured orientation state because this is an initial value problem. Overall, the predictions were in good agreement with the measurements. The inﬂuence of preform
placement and location was investigated in the double dome geometry both experimentally and by analysis. A blind prediction of the ﬂow fronts for two charge patterns
was in good agreement with experimental short shots. Finally, the full processing and
performance workﬂow applied to a center charge, ﬂat plaque for ﬂow induced orientations. The results from the ﬂow simulation were in agreement with CT measurements
and simple analytic models. Tensile specimens excised from the ﬂow aligned plaque
were found to have elevated stiﬀness and strength. The progressive failure analysis
predicted the correct initial stiﬀness, but slightly over predicted the strength. Still,
the predictions were not unreasonable and represent a successful application of the
ﬂow and performance analysis for PPMCs. From the study of the ﬂow aligned plaque,
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additional reﬁnement in the interpretation of the results from the ﬂow simulation for
creating structural models is required.
For the experiment corresponding analysis presented here, the developed modeling
approach appears to be a feasible solution. In certain situations, the ﬂow simulation
incorrectly predicts the ﬁber orientation, for example in the region near the intersection of the ﬂange and the base of the bracket geometry. Additionally, the continuum
approach prohibits the predictions of some of the observed behavior such as platelettool interactions. The platelets can end up deforming more in the simulation than
observed experimentally due to the inability to model thin elements in explicit analysis with 3D elements because of the computational cost. Also, the platelet-to-platelet
interface is modeled by mesh connectivity (perfectly bonded) or radius of inﬂuence
(SPH) which prohibits relative sliding which may occur in certain circumstances.
Finally, the computational cost of explicit SPH simulations of the ﬂow of PPMCs
can be quite large. Mass scaling is required to improve computation times but can
adversely inﬂuence the results if applied incorrectly. Mesh reﬁnement it the level of
modeling one element through the thickness of a platelet is infeasible in an explicit
analysis in terms of the computational cost. Computation times for the models presented here can be on the order of days with multiple cores on a high performance
computing (HPC) cluster, even with coarse meshes and signiﬁcant mass scaling. The
expensive nature of the simulations also prohibits analysis of steady state behavior
which may be of interest in certain applications.
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[67] S.M. Mazahir, G.M. Vélez-Garcı́a, P. Wapperom, and D. Baird. Fiber orientation in the frontal region of a center-gated disk: Experiments and simulation.
Journal of Non-Newtonian Fluid Mechanics, 216:31–44, 2 2015.

245
[68] Drew E. Sommer, Anthony J. Favaloro, and R. Byron Pipes. Coupling
anisotropic viscosity and ﬁber orientation in applications to squeeze ﬂow. Journal of Rheology, 62(3):669, 3 2018.
[69] M. R. Barone and D. A. Caulk. Kinematics of ﬂow in sheet molding compounds.
Polymer Composites, 6(2):105–109, 4 1985.
[70] M. R. Barone and D. A. Caulk. A Model for the Flow of a Chopped Fiber
Reinforced Polymer Compound in Compression Molding. Journal of Applied
Mechanics, 53(2):361, 1986.
[71] Ching-Chih Lee, F. Folgar, and C. L. Tucker. Simulation of Compression Molding for Fiber-Reinforced Thermosetting Polymers. Journal of Engineering for
Industry, 106(2):114, 1984.
[72] Pierre Dumont, Jean Pierre Vassal, Laurent Orgéas, Vonique Michaud, Denis
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A. SUPPLEMENTARY FIGURES
A.1

Supplementary Figures for Chapter 6

Evolution of the ﬁber direction and platelet normal directions during mold ﬁlling
of the bracket geometry are shown below in 10% increments.
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Figure A.1. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 0% ﬁll.
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Figure A.2. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 10% ﬁll.
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Figure A.3. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 20% ﬁll.
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Figure A.4. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 30% ﬁll.
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Figure A.5. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 40% ﬁll.
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Figure A.6. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 50% ﬁll.
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Figure A.7. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 60% ﬁll.
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Figure A.8. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 70% ﬁll.
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Figure A.9. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 80% ﬁll.
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Figure A.10. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 90% ﬁll.
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Figure A.11. Evolution of the ﬁber orientation tensor during ﬂow of a bracket at 100% ﬁll.
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Figure A.12. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 100% ﬁll.
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Figure A.13. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 10% ﬁll.
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Figure A.14. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 20% ﬁll.
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Figure A.15. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 30% ﬁll.
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Figure A.16. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 40% ﬁll.
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Figure A.17. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 50% ﬁll.
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Figure A.18. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 60% ﬁll.
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Figure A.19. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 70% ﬁll.
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Figure A.20. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 80% ﬁll.
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Figure A.21. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 90% ﬁll.

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10
0.00

273

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10
0.00
1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10
0.00

Figure A.22. Evolution of the normal vector orientation tensor during ﬂow of a bracket at 100% ﬁll.
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